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2 CHENDONG SONG

1. INTRODUCTION AND BACKGROUND

Consider a finite graph G = (V, E'), a configuration of the graph is a function 0 : V- — S
which assigns each vertex x € V with a spin value o(z) € S, S is the state space. Then
we define the Hamilton of the spin system

H(o) =Y U(o(x),0(y) +>_V(o(x)).
T~y T

with a symmetric function U : S x S — R U {oo}, the neighbor-interaction, and a self-
energy function which can represent the influence of external field: V : S — R. And for
each configuration, we can define the Gibbs measure on the graph.

1

ng(o) = - exp{=SH(o)},

g

where Z; is the normalizing constant known as the partition function and 3 is the inverse

temperature.

In the ferromagnetic Ising model, each site z € V can take either of two spin values,
+1 ("spin up”) and -1 ("spin down”), so that the state space is equal to S = {—1,+1}.
The Hamiltonian is given by U(o(z),0(y)) = —o(z)o(y) and V(o(z)) = —h(z)o(x). The
function h : V' — R describes an external field.

The antiferromagnet Ising model is defined similarly to the ferromagnetic model, except
that U(o(x),0(y)) is chosen to be +o(z)o(y) instead of —o(x)o(y). This means that

neighboring sites now prefer to take opposite spins.

A natural generalization of the Ising model is the Potts model, where each spin may
take ¢ > 2 (rather than only two) different values. The state space is S = {1,2,...,q}.
The Potts model also have ferromagnetic and antiferromagnetic cases. They have different
neighborhood interactions and the same external field interaction. In the ferromagnetic

Potts model,



In the antiferromagnetic Potts model,

In Potts model, sometimes we assume that the external field is zero. In this context,
random cluster model is introduced to give another way to sample from the Potts model.
Firstly, the random-cluster measure gbgq for G with parameters p € [0,1] and ¢ > 0 is
defined to be the probability measure on the configurations on edge set {0,1}¥ which to

each n € {0,1}F assigns probability

¢> {H P 6) ) n(e)} s

eeB
where k(n) is the number of connected components in the subgraph of G containing all

vertices but only open edges.
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2. LITERATURE REVIEW: CORRELATION INEQUALITIES

In this section we introduce several useful inequalities on Ising model, these inequalities
helps us understanding the correlation relationship between different state. The most

famous inequality is the FKG inequality.

2.1. FKG Inequality on Ising Model.

Theorem 2.1. The original FKG can be defined at any distributive lattice and log-
supermodular function. [The FKG inequality] Let V be a finite distributive lattice, and
let i : L — RTbe a log-supermodular function. Then, for any two increasing functions

f,g: L — R, we have
(Z u(@f(l")) (Z M($)9($)> < <Z u(ﬂﬂ)f(iﬂ)ﬂﬂf)) (Z M(fﬂ)) (1)
zeL €L z€eL zeL

On Ising model, the increasing functions is the observation function on the configuration
spacef : V¥ — R such that if o < o/, then f(o) < f(o’) For such two increasing functions

f, 9, FKG inequality prove that
(fg) = (f)9)-

To apply FKG inequality on Ising model, we first take f(o) = I, ,—1y and g(o) =
I¢5,=1}, both of f, g are increasing functions. Then shows that

P(oy, =1)P(o, =1) <P(o, =1,0, =1) (2)

Moreover ,we can also apply FKG inequality to the expectation functions. We take f(o) =
(o) and g(o) = (o) Then shows that

(ou)(ow) < {(ouow) (3)

2.2. GKS Inequality. Another important inequality on Ising model is he Griffiths, Kelly,
and Sherman (GKS) inequalities. Assume that the external field is homogeneous, which

means that the g, have the same sign for all u, say h,, > 0 for all u, denoted by h(u) > 0,
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(similar results hold by symmetry when h, < 0 for all u). Then the first GKS inequality
<0’ A> >0

hold, which implies that when the external field is positive, any set of the spin have positive

expectation. Also the second GKS inequality is

(0a0B) > (04) (0B), h=>0
, where A, B C A and 04 = ][], 4 0i- Note that when |A| = |B| = 1 GKS inequality is a
special case of FKG inequality.

The GKS inequality can be generalized to Potts model. Here we denote 0 = [[;c 4 I(o; =

a) for some A € V and a € S, here I is the indicator function.

Theorem 2.2. Under the conditions above, if A and B are two subsets of V, a,b €
{1,...,q} and a # b, then (i)

and (ii)

2.3. Application of the Monotone Inequality. A very useful corollary of the mono-
tone inequality is to deduce the monoicity of parameter in the model. Ferromagnetic Ising

model has monotonicity of magnetism with regard to temperature and external field.

Theorem 2.3. In the ferromagnetic Ising model with positive external field h > 0, and

0 S ﬁl S 527 then
(00) 1,0 < {00) ga,h-

If >0, and 0 < hy < hg, then

(00) g, < (T0)B,ha
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Proof.

d(oo)pp _ d Y, 00e PH )
g dB Y, e PH()
Zo Oo (ZxNy Oz0y + Zx h(x)0$> eiﬁH(U)
(>, e—ﬁH(G))Q
ZG UOGH('B’O) Za’ eH(B,O') (ZxNy U:UUy + Z h(w)o-x)
(>, e—ﬁH(a))Q

= Z To0z0y) st Z h(z){(oz00)p Z (006)8,h O'xO'y Z h(x){oz)5,n(00).h

>0 (by GKS inequality)

2.4. GHS Inequality on Ising Model. There exists also another extremely useful in-
equality due to Griffiths, Hurst, and Sherman [7] (GHS) which is restricted to ferromag-
netic pair interactions.

us(i,7,k) <0, for h>0.

where

us(i, j, k) = (oiojox) — (03) (0j0) — {05) {giok) — (ok) (0i0;) + 2(03) (o) (o%) -

The derivation of this inequality which is much more specialized than either the GKS
or the FKG inequalities, is in many ways also more complicated involving combinatorial

analysis.

2.5. Simon’s inequality on Ising model. Theorem 1.1. Let (0,0,) denote the two
point function of a spin 1/2 nearest neighbor (infinite volume, free boundary condition)
Ising ferromagnet at at some fixed temperature. Fix «,~ and B, a set of spins whose

removal breaks the lattice in such a way that o and « lie in distinct components. Then:

(0a0y) = Z (0a0s) (0507) -

dEB
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2.6. External field correlation on Ising Model. Here we consider the influence of
the variation of the external field on the spins, each external field g determines a Gibbs

measure fi,. We will denote expectation with respect to g by ().

Theorem 2.4. In the ferromagnetic Ising model, let g : V — [—00,00] and h : V' — [0, 0]

be such that min {|g,|, hy} < 0o for allv € V. Then for anyo €V,
<Uo>g+h - <O—0>g7h < A{00)y, = (00) _p, - (4)

As a first corollary of theorem, for the Ising model on finite graphs, spin-spin correlations
are maximised when the external field vanishes. Let g : V — [—00,00]. Then for any
u,v €V,

<UUU'U>g - <‘7u>g (UU>g < (ouov)g -

This inequality also deduce the exponential decay in the lattice with external field.

If we take G = Ay := [-N, N]% N Z9 then

(o0)i — (o0); < (o0)™ — (00)™ < C1(B)e 20N

Remark 2.5. The FKG, GKS and the new correlation inequality are all invalid on Potts
model. For instance, we consider a simple graph with two vertices V = {u,v}, let Q =

{1,2,3}, h(u) = 1,h(v) = 0,9(u) = 0,g(v) = 1, then
Mg+h(0'u = 1) - ug,h(au = 1) = 0.7345,

pin(oy = 1) — p_p(oy = 1) = 0.7236.

Therefore the inequality is false in antiferromagnetic Potts model. As a result, the
monotonicity in the antiferromagnetic Potts model can dot be deduced directly from these

inequalities, therefore it’s more difficult to explore its properties.

However, for antiferromagnetic Ising model,Suppose that the external field is zero and
that the underlying graph is bipartite; this means that G = (V, E) can be partitioned into
two sets Veven and Voqq such that sites in Voyen only have edges to sites in V44 , and vice

versa. Clearly, Z? is an example of a bipartite graph. In this situation, we can reduce the
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antiferromagnetic Ising model to the ferromagnetic case by a simple spin-flipping trick:
The bijection o <> & of Q defined by

o(x) if x € Loven ,

—o(z) ifx € Logq

maps any Gibbs measure for the antiferromagnetic Ising model to a Gibbs measure for

the ferromagnetic Ising model with the same parameters, and vice versa.



3. INEQUALITY AND CORRELATION ON PoTTS MODEL

In this section, we aim to explore the correlations on antiferromagnetic Potts model on
the d-ary tree. It’s well known that FKG inequality does not hold in antiferromagnetic

Potts model. Now there’s few studies on the monotone inequality of Potts model.

3.1. Chain Case. Firstly we study from a simple model when the graph is a chain, that

is V. =A{v1,v9, - ,v,} and E = {v1vg, vov3,++ ,Up_1Up }.

FIGURE 1. Potts model on a chain

We try to calculate the color distribution of v, when the color of vy is given, i.e.

pg(o(vn) = zlo(v) =y),1 < z,y < q.

where pg represents the Gibbs measure when the inverse temperature is at §. Denote
p=e’
Here we construct a Markov chain X, on state space Q = {1,2,--- ,¢} with transition

matrix P such that

D
q—1+p

ifxe=y
P(z,y) =

q—h—p if z #y
Claim: Given the color of the first vertex o(vy) = i, the color distribution of o(v,) in
Potts model on a chain is equal to the distribution of X,, with starting point X; =4 and

transition matrix P.

Proof. Firstly, we prove that
pg(o(vi) = zlo(vig1) = y) = P(z,y),forall 1 <i <n. (5)

This is because when z # y
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1

Zs Za(vi):x,a(v¢+1)=yp
1

Zg Za(vi):y,a(vi+1):y p

—H(o)

Also, since

> pp(owi) = zlo(vip) =y) =1

e

we know that holds. Then using the property of conditional probability, we obtain
that

pa(o(on) =zlo(w) =y) = > pp(o(n) =2lo(va-1) = in1)

inis, - yin-1€9)
116 (0(vn-1) = in-1]|0(vn—2) = in-2) --- pg(0(v2) = iglo(v1) = y)

= > Plin-1,2)P(in-2,in1)- - P(y,i2)

19,13, ,in—1€Q

= P (y,2) = B,(X, = @)

Therefore we transform the question into calculating P"(x,y). Here we denote u =
(1,1,---,1), then

P (uTu +(p—1)1,)

:p+q—1
and

1
(p+q—1)nt

Since P™! is a stochastic matrix, we can calculate that

prt = (AuTu+ (p - 1)”_1Iq).

A=fp+a-1"" = =1,



11

As a result, we have

1 (p—1"! :
q (pqul)”‘lq ifo#y

(p—1)"~(g—1)
- (p+q¢-1)""1q

pp(o(n) = xlo(l) = y) =

% ifo =y

This result shows that when n is odd, v, is more likely to have the same color with v;.

However, when n is even, v, is less likely to have the same color with v;.

FIGURE 2. binary tree of depth-2

3.2. Binary tree of depth-2. We aim to find the distribution of v; when the colors
of vyg,v5,v6,v7 are given. Here we denote pg¢ as the color distribution of v given the
boundary condition & = (&4, &5,86,&7) ,which means that o(vy) = &4,0(vs) = &5,0(vg) =
&6,0(v7) = &7. Once the boundary condition is determined, we are interested in the
probability of most-likely color, probability of least-likely color and the entropy of the
distribution, respectively denoted by S(3,€),I(8,€) and H(S3,§)

S(8,€) = maxpgg(o(v1) =)

1(8,€) = min pua (o (vr) = 1)

H(B,§) = — Zuﬁ,g(a(m) =1i)log pge(o(v1) = 1)

Actually the property of the distribution is more complex than expected. we use two

counterexample to illustrate this complexity.

Observation 1 The maximum of S(f,£) may not be taken at & = (1,1,1,1), that

means for some [

S(B,&1) < m?XS(5,§)~
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Justification 1 Take ¢ = 3 and denote & = (1,2,1,3), then

3

,while

ﬂglfloo S(B,62) =1

FIGURE 3. Relation between 8 and S(8,£)

Observation 2 Fix &, S, I, H may not increase with regard to 5.

Justification 2 Actually we find that when £ = (1,1, 2, 3), there exists 8 < 0 such that
pae(o(vi) =1) = pog(o(vi) =) for all i = 1,2,3 as shown in figure 3. This excludes the
possibility of constructing any possible monotone functions.

Hence we realize that the monotone property of this model is not clear. So we turn to

study
Sm(B) = SIgpS(B,f),

Hp(B) = irélfH(ﬂ,ﬁ)-
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We conjunct that S, and H,, are both increasing with regard to 5. Actually when the
depth of the tree is small (d = 2 or d = 3), the conjecture can be verified directly by

computer.

3.3. case when ¢ =2 on Tj. Although the general monotone inequality is complicated
in Potts model, the case when ¢ = 2 is not so difficult. Here we consider the graph G as a
2-ary tree of depth n. Suppose that the two colors are {1, —1}. Also suppose we’ve already
known the configuration on all leaves on the tree, denoted by £. Also denote (-), as the
expectation under the measure pu. Denote the nodes on k — th level as vg1, vga, -+, Ugak

and the root vg. Let X}, be the average of 2" values received at the node of level h. We

claim that
Theorem 3.1.
p’-1
<Xh>u3,g = P+ 1<Xh+1>,u5,g (6)
Specifically,
P’ =1 p — 1
(000 s.e = (X0)uge = (p2 T 1) (Xn)use = p + 1 2n Zél (7)

This implies that the color distribution of the root o(0) only depends on the expectation
of the boundary condition, no matter how the configuration arranges. In fact, we can find

some ”conserved quantity” during the process of correlation.

Proof. Firstly we only consider the local correlation on each ”unit branches”.

FIGURE 4. local correlation on unit branches

Suppose that we’ve already known the distribution of the color of nodes vy, v3, which

are random variables with expectation ez, e3 respectively, vo has possibility p2 to be 1 and
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v has possibility ps to be 1, obviously es = 2ps — 1,e3 = 2p3 — 1. Therefore,

2
p 1 1
(o(v1 =1)) PaP3T + 2(1?2( p3) +p3(1 —p2)) + (1 —p2)(1 — ps3) 152 (8)
_ 1 (p2 +p3)(p2 - 1) (9)
1+p? 2(1+p?)
Then we can calculate that E(o(v1)) = (Pﬁngi)l(l’tl) — 2{:2;11)(62 + e3). Summing up

all nodes at level h gives the formula.

Via this observation, we immediately know that the when ¢ = 2, on the tree of arbitrary

1+ 1p? )"
depth, the maximum of S,,(5,§) = S(5,&1) = %, where & represents the leaves

are all known to be 1. Besides, the function S(53,¢) are monotone with regard to 3, no

matter the £ is. O

3.4. Propagation Law. In this section we consider a more general case, the critical case

(q=3) on the T%.

Here we denote pg¢ , as the color distribution of v given the boundary condition on

all the leaves of the tree & = (&an,&onp1, -, Eqnt1_q)-

Firstly we aim to prove the following ”propagation law”. Considering the sub-tree
rooted at node 2 and 3, we can study their color distribution of them independently with
the same boundary condition restricted to the sub-tree,i.e. pg¢|, n—1 and pge|, 1. Here
&L represents (&an, Eony1, - -+, €onpon—1_1) and §| g represents (§gnygon—1,onqon—141,+ , &anpgn-1_1).

For simplicity, let p1(z) = pgen(o(vi) = ), u2(x) = pge, n-1(o(v1) = r) and pz =
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pa,epn—1(0(v3) = x) We claim that they have the following relationship:

(1= (1 =p)p2(i)A — (1 — p)us(i))

p (i) = . . (10)
D= S T - D)) — (1~ ps(®)
Proof.
1 _
—_ #{{ ) }7 ) 6T7 ~v, ( )70-('0)}
Ml(l,)_Zl Z p u,v},u,veT,u~v,0(u
06970(1):x7U|B:£
1 _
— #{{U,U}ET ,U/\/U,O’(U)—O’(U)}-f-lg vy )=z
2 Y% e
o1€Qr,01|B=¢L OREQR,OR|B=ER
p#{{u,’l}}eTR711,'\/1),0'(11,):0'(1))}4’10-(713):1
_ 1 S T o ()=o) e )
or€Qr,0r|B=£L
Z p#{{U,U}GTR,UNv,UR(U):JR(U)}+1UR(U1):I
oRENQR,ORIB=ER
1
= — (I I
Zl( 1 12)
Here,
Il _ Z p#{{u,v}GTL,uNU,JL(u):UL(U)}
y#r o €Qp,or(1)=y,0L|B=¢L
+p p#{{u,v}e'ﬂ‘L,qu,aL(u):UR(v)}
O'LEQL,UL(l):a:,O'L‘B=£L
= Z Zapa(y) + pZapa()
y#T
= Z2(1 — (1 — p)u2(x))
Similarly, we can deduce that
Iy = Z3(1 — (1 — p)us(x)).
Summing all the x we can deduce that . 0

Then we deduce that
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Proposition 3.2. For p > 1/4,we have limy, o Sup¢ fig e n() tends to uniform distribu-

tion.

Proof. The intuition of the proof is to construct a function acting on each distribution

such that

S (2) + £(1)) < CF (), C < 1

for all possible distribution pg, ps, 1 with relationship as shown in (11). Here we choose

f(p) = max{u(1), 1(2), (3)} — min{pu(1), u(2), u(3)}. Then

(1= =pm@)A - A =pp2(i) — (A -1 =p)m@)1 = 1 =pu2(j))

Flon) = TECTD s —— (1)
< T )+ p2(i) = () — ) (12)
< T () + () (13)

Take C' = 21(1_22 ). This implies that

Flsn) < 5O 3 giLnm1) + 15 5R0-1)

After that, we can deduce by induction that for all &,

flugen) <C"

Therefore,lim,, o supg f (uB,en) = 0. This means that, as the depth of the tree increases,

the distribution of the root point tends to be uniform distribution. O

The distribution uijﬁ(a(vl) = -) can be described as a point A = (z,y, z) on the simplex
S = {(z,y,2) € R® x,y,2 > 0,2 +y + z = 1}. For any two distribution A4, B on the
simplex, define an operation * : S x S — S by the law in (1), i,e.
Asp— (U0 =pra)l=(0-pzs) (1= 1=plya)d=(1=pys)

) )
T r

(1-(1-p)za)(1-(1 —p)ZB))

where r is a normalizing constant.

The spreading of the distribution is a process like:
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e Starting from 2" points A}, A2,---,A2". The coordinate of each point is at
(1,0,0),(0,1,0) or (0,0,1).
e At each time t > 1, we take A} = A?7' x AZ |

e We aim to prove: lim,, o, AL = (1/3,1/3,1/3).

To describe the process of propagation, we aim to find some Lyapunov function f: S — R

such that for some € > 0 and arbitrary A, B € S

e (1/3,1/3,1/3) is the minimum of the function,
o [(Ax B) <max(f(A), f(B)),

e max; f(AL) < max; f(AL ).

When p is small (like the above-mentioned case p < %), finding such a Lyapunov function
is easy. However, when p is close to 1, the inequality is very tight. The basic attempt, like
f(A) = % f(A) =22 +y?+ 22 and f(A) = —(zlogx +ylogy + zlog 2) is not true.

The one-step iteration is difficult, so we turn to the two-step iteration in the central

area of the simplex.

Theorem 3.3 (Galanis-Goldberg-Yang, 2018). If we take f(A) = max{eaya2at - pep

min{za,ya,24}’
(1) For sufficient large n, k, their is max; f(A%) < g—?
(2) Under the condition of (1), the two-step recursion works. i.e. fork' > k,max; f(AL,) <
maxif(A};,_Q).
(3) letting n — oo, f(AL) — 1.

3.5. Frozen Boundary. In this part, our discussion is conducted under zero temperature
conditions, which means that § approaches negative infinity.

First considering each “unity branches” as illustrated in Figure [4] we know that under
the condition of ¢ = 3, if the state of v is given, for example, v;1 = 1, then vy and v3 must
be either (2, 3) or (3, 2). There are a total of 32 = 9 possible distributions for ve and vs.
Therefore, we can say that among all distributions of the leaves, there are % conditions

that the entire system is in a frozen boundary which satisfies v; = 1.

More generally, the following conclusion holds.
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Theorem 3.4. Under the case when q = 3, for Vi € {1,2,3},v1 = i. Among all distribu-

2

tions of the leaves, there are 232751 conditions that the entire system’s state is in a frozen

boundary which satisfies v1 = 1.

Proof. Denote the number of layers as n. Assume that v; = <. When n = 2, we have

2

already shown that there are § conditions that the entire system is in a frozen boundary.

Assuming the conclusion holds for the case of n — 1 layers, we now prove its validity for

the case of n layers.

Under the case of n layers, the tree has 2" leaves. Therefore, there are 32" possible
distributions. Moreover, we know that the entire system is in a frozen boundary only if
the entire system is in a frozen boundary after erasing the n—th layer. Denote the number
of frozen boundary conditions in the case of n layers as x,,, we have x:—’_ll =22""" Since

— 22"—1

x1 = 2, we obtain that z, . Therefore, there are 22327;1 conditions that the entire

system’s state is in a frozen boundary which satisfies v = i. O

3.6. Infinite Tree Uniqueness. In this section we let the depth of the tree tends to
infinity. Let vy be the root of the tree. We call the Potts model has uniqueness on the

infinite d-ary tree if, for all colours ¢ € @, it holds that

1
limsup max § lo(v)=c —=|=0.
n—)oopf:BT%—)Q /’Ln,ﬁ[ (v1) ] q

It has non-uniqueness otherwise. The uniqueness of AF-Potts model tells about whether

the boundary condition can affect the root when the depth of the tree tends to infinity.

For the basic case when d = 2, ¢ = 3, the infinity-uniqueness is true.

Theorem 3.5 (Galanis-Goldberg-Yang, 2018). When d = 2,q = 3, the 3 -state Potls

model on the binary tree has uniqueness for all .

Also, if we’ve already known the model has uniqueness, then the speed of convergence

if of order O(n~1/2).

Theorem 3.6 (Gu-Wu-Yang, 2021). For the critical case p. = 1 — 75 > 0, assume that

the Potts model has uniqueness, then the convergence of marginal probability follows the
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power law that

1 1IN @-1/( ¢\
s n <§;£§§Q ’M"’ﬁ o) = 1] q D 6d? <q — 1) '

This theorem implies that, the distance between the distribution of the root and the

uniform distribution, decays exponentially in distance. This is somehow a kind of ” Weak

Spatial Mixing”.

Definition 3.7. (Weak Spatial Mixing (WSM)). Let 7 be a collection of rooted trees.
The g-state Potts model on T exhibits weak spatial mixing (W .SM) with exponential
decay rate of r € (0,1), if there exists a constant C' > 0, such that for any finite rooted
tree (T,v) € T, any A C V(T)\{v}, and any boundary condition 7 : A — [¢], as well as
any color i € [g], it holds that

PT,w[q)(U) =3 ‘ 7—] _ 1 < CTdiSt(v’A)7
q

where dist(v, A) denotes the graph distance from the root vertex v to the set A.

When considering two distinct boundary conditions, 7 and 7/, defined on the same
vertex set A, we can compare the marginal probabilities of the root vertex v receiving
color 7 for both boundary conditions. If the difference in marginal probabilities tends to

zero as the distance increases, we speak of strong spatial mixing.

Definition 3.8. (Strong Spatial Mixing (SSM)). Let 7 be a collection of rooted trees.
The g-state Potts model on 7 at parameter w > 0 exhibits strong spatial mixing (SSM)
with exponential decay rate of r € (0, 1), if there exists a constant C' > 0, such that for
any finite rooted tree (7,v) € T, any A C V(T)\{v}, and any two boundary conditions
7,7 1 A — [¢] differing on A; - == {u € V(T) | 7(u) # 7'(uv)} C V(T), as well as any color
i € [q], it holds that

‘]P)T,w[q)(v) =1 ’ T] — anw [q)('u) =3 | 7—’” < CTdist(v,AT,T,)‘

Similarly, we can define the Strong Mixing time on Ising model.
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Definition 3.9. The Ising measures u"}} g is said to satisfy the strong spatial mixing
property in V with constants C' and m (denoted by SM(V,C,;m) ), if for every A C V
and y € OV,

sup H ,uT’h ‘ uTy’h
v, R
7OV —{£1} Pla 7 la

< Ce_md(Avy)

)

o

where u(/% N denotes the marginal law of (0y),ca under yf, 5, 7¢ is obtained from 7 by

flipping the spin 7, and || - |71 denotes total variation distance between measures.

As a corollary of Theorem 2.4, the new correlation inequality may contribute to prove

the strong mixing property in Ising measure.

Corollary 3.10. Let d > 2. Then for any € [0, 5.), there exist C,m € (0,00) such
that the Ising measures ,u"’/hﬁ satisfy the strong mizing property for all finite V.C Z¢ and
h:V —R.



3]
[4]
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