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M, B Rg T KR ) LR AT 55 T AR A IR Pk kR et 2 1]

KA P U ERAWIES: BB KIESEHA; AlphaGeometry



Abstract

This thesis focuses on the autoformalization of plane geometry, exploring methods
for automatic conversion method between natural language descriptions, restrictive for-
mal language, and constructive formal language. It implements a pipeline for automat-
ically generating formal representations and geometric drawings from natural language
geometry problems. The paper first reviews the characteristics of existing formal sys-
tems such as AlphaGeometry, then proposes a novel autoformalization algorithm from
restrictive to constructive geometry formal language and establishes an automatic drawing
system. Subsequently, large language models (LLMs) are employed for automatic trans-
lation from natural language to formal language, accompanied by a rigorous verification
process — syntactic, numeric, and semantic—to ensure the correctness of translation. We
also construct a new benchmark, IMO 100 to evaluate the capability of autoformalization,
and a geometry exercise dataset, Numina Geometry, and conducts benchmarking using
AlphaGeometry to validate the dataset quality and the models’ capabilities on formaliza-
tion tasks. Through systematic analysis of both successful and failed cases, the thesis
further summarizes challenges and potential improvements for large models in geometric

formalization tasks.

Keywords: plane geometry; formal language; autoformalization; large language model;

AlphaGeometry
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1.1 HRE:

HAN TR R4 2 4], B M AL LS T G M se % 3 stk 47 714
AR N TR BE RS LA — N EE: ik N LR Rediiis——Al4Math,
X —AURTE KB F A (LLMD 4 5 BUE 1 3Eshr R e L FReEm R i =
AL 1) H B AAHERERERS 5132 AR ZOR AN EC e B . oo T AL BE R S,
BOEBAHE S 20 e B 0 AL HEFERE D E 3L

Aldmath H 7 25 st 7t g 2 —— i b A e e e 1. R 04077
EERAEECE R (B0 arXiv & 3CF MathOverflow [ 50D X LLM #E4T H0I
g5, INIEAERUY AR A BT AL ATOM, X PRI S AT A8 ) R
W (41 GSM8K 1 MATH) LAz AIMO Progress Price 1 HUfS | & AT, SR,
T o R EAR R AR B AR S i Z05, AR U7k R ge R BR T A itk
AIME 7K~ [ 8

52 RN, e A E S 8 — AP I RS B R RS AR R 2 A e
DAHHEHIE S . BRE S AW BRI S, TR ARB A RTS . & X
MABRGORBATHER, JFaet M VLS B SR s e S Es . B
B oE BUE A A REP IR A ENEA B3R AL, H3he BIE §AE
FIATHEAFRET B sh 5 Uk 20y ar i IEwa e, 1 B3R b2 184 B RE S B3l
3 R R 21 5 AT 55 2 B sl s mT LUA I 25 B 3@ BE B 1 AT AR
SRt R EHAE, WD N DRI RER A, Retg PUdE AL LR & AT TERE, /2
H AE A 1) 32 I SR

AN RV EC U T SAGTE 5 AR AN R o AR SOR S4B T3 52— AN 40 43 4003
— V1 UfAr & BEAE B B 302 o eI T U E AR TN &, &A1
JUATA 3 PP 1 A BRAE AR AR, HAP 1 LART ) B ARAE B BOR AR [ & o

J

~

1.2 FEILAEA NS ABERIAR

MHTZERRILERS OUREAD) i, U — B i 2 A,
WZIFW T8 SRR . H 20 LR, THENURE P AINLE B 3 2R
(I, AR IR T RO AU L S E B K JE, 4 LeanEuclid PLKE
CUFRTIEAY & s B S M4s &, (5L A B RS BM A EAE B Lean 4if2



T 5 AT 2 PR HE 18 (Satisfiability Modulo Theories) #4521 JL] H 25 IEE &
Ao

— MR LT ) HE B RS H 7 N R ZR G HERE (synthetic deduction) 1R
H1t% (algebraic computation).

LR, HEHUREE 7 (deductive database approach)!! i F fif
) AP RGeS S LR, JRAE s b SR i sE, E R R M e, RE
XA ITIRAEAE T LA PR BT TR T 20 A 2, BAE A B 5 B UE B 1) 25 n) RS 2
WA, B—7H, KRB0, W Grobner-3E 7 7E6] MR J54E (Wu’ s method)!],
WA JUART M B e A 2 T i AR FR B 2 T AT R, R AR T Bk . B/ AR
Bt AR LT 8 AR R, (H BT T8 AR N e LR ) 2 R UE B IS

BT, G5ETREE S S 1 U % AlphaGeometry 8 5 g J 1] & BRAIE B () — > B 32
R, TR KIE S B S o 2 T 51 % DDAR 454, FIHKEE
RITIE Bh A,  J@ B 2 1) DDAR SRR LIATRR, % RS0 E M E Priiss 31
FRIC3E (IMO) 8 H AR IE/K P R S. DDAR 454 TIHSHIRES M. L
Bl BE B EE A FE AR, SEBL T i LA HERE

% T AlphaGeometry, TongGeometry[®] 5 FH 48 22 5 ik Ao Ak 2% 5] SR Mg, 7
JUAAT 5 FEAE B AE IR IMO 30 Rkt T AlphaGeometry. Newclid!'% 4
i 7 AlphaGeometry ) DD+AR #EEE R 4t, I8 fa A ¥ th 6t A 7 B8 A UF o Trust-
GeoGen M ¥y T F T A2 BB 2% LART il /B F T 47 FE 5 51 3, iR T 2SS R
() — B e A A B M. 5T AlphaGeometry 1) 2] AlphaGeometry2 12 % %2
NEORET T ol KRS 7 HARIAYE . IR AE B B IR ST, AR
B SR () ST R 125358 70 VE 4R /1 48 AlphaGeometry2.

AlphaGeometry 72 JEH 58 K B IR AR, H4 A Jutg SOMa Bk 4 % 01
5, MR E 3 E BLE AN A AT, EH SR R ME S,
XN BRI E R R B A B SR B T PRk FEARB T, JRAIT
¥ 2T AlphaGeometry JJEN RS, WL ERWAIE TE S M BEREFT KR,
SR HAH BARRAL BT, FFRIH B RE S i L Eds 5 & BOE s 5 18
o RUFFUH EE TR -

o BT AGIE SRR R MR SREg, 1R A RS ik
55 PG EE 20E T R B, FENLES & R 65K R M B 4015 5 1)
AR E L] 80.8% MIFHIFERIN IETZ

o FETIALAMAR R R B, $E a8 LA B s B RS, 1E 200 TEE %
T AANTE T AR B R BAESS Tk 5] 61.5% IHERZ.



o PEEETERRLS . BUERLS . 15 SCRES B-~F 1R LT B 3078 XA 1 1 46k
Bk, MG SSIE AR 100 #, PRESER T GBI 403 ta 42X
FHPERCR B2

o W IR HE S Numina Math @13 H 278 A6 E 3815 2720 18 = i 27 4k
JUR IR, {E AlphaGeometry F@EATINA, ECECAS[R] )L AR 504 4 1 s Ao



£28 FHILAEANESHEERLERE

21 FERILAERMESHAERS

AW TR T R G5 T AlphaGeometry KA HITEXIE S, HATbloy
N “BREIPE” AN “RIENE” PIRPSRE,

211 [R&EIMEKXNHIES

PR A 18 5 O B ik SO B G R, B A I8 P el f R R
BB R A, U <premise> <argl> <arg2> <arg3> . A
EBAZ T A KRR AL PR Rk . XER X RG A AW TR A

s BRGPEARXNRIH K, BB e, 18 RO E R A
KHE, FrA JUAMHTIR IS BE R R

s GRGZE—N “LR” (unordered) IR RLP . LRSI HRAEFNL.
S, WASX Iy mEBEL LT . maEBELKEMFMEXR, 1M
AR DR, AT S, LESEERR.

« ZRGHMEMEH “4fM7 (full angle) SKZIE Bl . X TR &AELZ [, m, & X
& 2, ml, BHAE—ANERE K, 13 K() 5 u P47, H Km) 5 0 P47,
TIPS 21, m) A1 £[u, v]) FH55. #& A, B F C,D 73518 1 Ml m ERIAE
B W 2[1, m] TRATRIRN £[AB, CD], 2[BA,CD], 2[AB, DC] #! [ BA, DC]
o fE A7 TR RG A RIRR A AR E T R R AE, JRER
wm e R IR, W eyclic A B P Q < egangle P A P
B QO A Q B —MwERI 3L RIS A S o0 M HANEA T 00 sl SRR Y
PZEE X TIAREEIX 7 e B/ BT B R &R TR AR, “2M” 1)
REH T AMASEM EAMOBORIME, 2ikE0 e, W= MAEa%EM SAS HE
EH I A R

212 ETFRFIMEANESHREENBNEES K
158 28 B0 126 4 e % M I B e AR B i B0 AT S AR HE B A o . AT T
JUITrR 25500 P BE R A 45 e i) LA B, I = P i il b 4 3 1B 10 i

o EHERE A e MAF T
Pl(x)’ T Pk(x) = Q(X) %%Z—A—\‘

VX [(Pi(X) A+ A P(x)) = O(x)]



H Z))1E B B AL 7T DAFE A1 4510 o6t — A AN ) 58 BRE AT AR UL T I A Wy
AT R, WMINCHER, mZ&ARR] R, RIEAR M SRS T,
FI A B B C AL B Ok RS 48 i 58 KRS

AlphaGeometry H S T 43 25U BB, FEMPEH (B2 HAEsy
15 (@i neoll”) g BT (U1 =T SAS M2 ) FFAS FL Ao T PR i M 7% X
WIBEF AL, M7 ZAE B LA B BB R AR S8 SR T o

A THESHAR R, TATAT LK BE LA BB i B SR A i S5 E R AN, il
I VAR HUE PE AT B ShAE L, 13RI LTSS 6. ATIRECTE . [RIH A
TE SR F B R B 5156 1 T A 69047 2% JUAR] 3 VB O E sr_geometry.

21.3 MWEMERNES

FR—AN LT i e “ e MERIIE I 7, G SR —ANJUART i R A 1) r o] DA 31 H
43 7 51 b AR f S RT LA ER P 81 P T A M o R MERE A R
PR J LR HE AR A

I B—/Ef R

2. BUE A EWAE S R

3. W RE LA R,

4. CHTEZME SRS E W — N, B — 3R

AlphaGeometry 8125t 1 3£ 68 Fbe i PERTIR 04 1, 4 — Ay Ik Ak
AR AR 1 — IR i, — AN EPT MBS TSR . B — K15 S
e 1 FR il 11 B SR B ok R IR . WG ERTHE a = on line a b c,
on bline a d e H a BB, b,c,d,e £ZHTM on_line 1 on_bline /& iH
W, RAAER AE1S A2 DE MEE V&M EZ% BC WA . EREBE— M
GV X ATE S A Re e i IR PR I B & 3R IE, W Bk ardin] LRIARL coll
a b c; cong ada eIl “A, B, C” IHZLH AD = AE kEik. BHIKW
P IEMETE AT WB.2 0 B A P T A R $2 32842 B )~ 1 ) L ART i PR Sy A 1
e FRATTIR IS a0 R 2 SCRAR TUATTE A0 1E & R 1

€ s MR Mgt am 2 “Rra iR Ria 7, 2 B F AR

o AT I GERIN pripas e pyle, FoH pripos e p, AT G B TERLVE AL A% 14 Hip

&, ¢ B EEMERREEERNES . 8 p, BF— MRS, 22
2 MEHEFIES 2 MR
o MTAER i = 1,2, n, 5 i SR IEMEAr AR 54 p, I EZH S EE T
P1>Dos > p; THIR BRI R AR B
fian, NHFA)F R “FFEEEMIER” st iE S



a b c = triangle a b ¢; o = circle o a b ¢; d = on circle d o a
; p =on aline p b cabd, on aline pdcadb ? congap
cp
MR FRFIVERAMTE T, WIEMERETE 5 RENs S b Sk L AT &

HE S, MBS AR ARG T RIR 8. MG e s = i g g fE A

JORME B RE AR H RN, HARTETEA AR R m A — 5.

22 FENIESHEDEK

N T MAA R LE st_geometry B R, TATTTHREW B U k)L
e ] BB R 1) e P A i R e A A 3 P Y ey R, DA i 252 ) s e U % A
AlphaGeometry & m= M %%,

TAVEZ I AT EC BB 8RR A = {ay, ay, -, a ) 1 n SRBR | Py
S = {s1,80, 8,0 8 = P a1, app, - 2 i, 1> Horp p, 25 i ANKAFRIEE, n 2
BiNFMHSEEE (0, 23), q; € AES i MEHRFMNE j ASH. EA
TEE AMNBREL - nR = (Ao(1)s Ap(2)> =" > A(i)) € O(A)s DT 22 #4918 PR 1
LR 2 B R, o TR R, W EAR RHT j A RO AR A
A, J) = {85(1), Ao 5 1o}

BANE P(r.)j) = Wilay.ap, . a, € Az, j)}], B GRS AT 2l L1
AR R, R ANE o2 AT W, RN T V) e (2,3, k), #H
P(z,j)— P(r,j — 1) < 2, BUiE —/N T 5 22 2 B S PRI Af 2 o B — AN PR
EANIES (A,S) & “RIEIREN”, S RE T MNE S 1R E A fFE—
“HH” MEH .

PR A PR a; X T Sy s PR AT 1, ke 7R Sy A A
B B €S, Sy, BIFRATAT LUK a; 1EviRJa — MR AL o fEs
e . PR ¢ B AN 2 o ma e A ) AT BRI, AT (A, 8) RETT B
FI HALY (A — {1;},8 — ) AR . MR EIRIN % ¢ i — MDY “M s
BATEW WS -

AL —AIUTE AR TEIR, $AREAE—AEWER o, RFELE
WA OIRT T, BERERSTEET, A2 A=S=0.

WERR BN SRR RE S AW AT B2 24, A HE M) A 10 5T A 3 s 1) L e
“EE7 M, RILRRBS H K AEMEETEANIE S, TR %] AR
K2, BEAEE A C A,S C ST (A,S") AT A, a5 —A4
HEPE# o, WIE o SAHIIIT T A" F )G — G20 3 MNREIERE, &
MZSAE (A", S") Farl, P ERARTE “HH” MM, FE! Nkt



oz, Bl (A,.S) ANETEE. |
T EVE R — AR EE U a8 “rTERIE” UARER TR VL B R FH A 2% 14
PR — AN s, B R IR Z A/, i R AR X R RO E B e anfRix
5 A,B,C,D CH1, FEANES X 13 LAXB = 2CX D, IXAE R FAE B ITE; T &
ANFTRERT . DRI, — AN PR LA A R e 75 3 s 1 4 ) L AT i R, AN 77 22 1
BB RS, T B SR EAR AW
HARML, Fik “M” R 7 — A RS E 018 5 2008 8 Ak
T E R
B2 2.1 R S 5 Ao s e s &
Require: 5% A, Rl @i4E S
Ensure: il Q
while A # @ do
for 1 € Ado

S, = {s € S|t &l s KIZH )
if |S,| <2 then

A« A-{t}
S <85-35,
0 <« Q+s XM IE L AWIES
end if
end for
end while

BAVEH1ZFIELE st_geometry ] 69047 25 J LT EUE Lt 45 14 86.1%
B RE s A L iZ 07 B R E I A TE 5 . U 2 — DRI B R 61, 15
FPREHAR VAR BRI, SofidE R A BRI R A A ISR T — MY
ARV S AT
"constrained formal statement":cong a b b c¢; perp a b b c; para

a dbc; para a b ¢c d; perp a ¢c ¢c e; cong a ¢c Cc e; para a c

e f; para a £ ¢ e; coll h £ d; cong h d h £f; egangle a c a

n ana h; egangle hn a h ¢ h hn; coll ¢ k h; perp k nch

; coll ¢ am; perp a ¢ n m? egangle h n c h ankm
"constructive formal statement”

e = free e; a = free a; ¢ = on dia c a e, on bline ¢ a e; £ =
on pline f e a ¢, on pline £ a ¢c e; b = on bline b a ¢,
on dia b a ¢; d = on pline d a b ¢, on pline d ¢ a b; h =
on line h £ d, on bline h d f; n = angle bisector n ¢ a h,
angle bisector n a h ¢; m = on line m ¢ a, on _tline m n a c;
k = on line k ¢ h, on tline k n ¢ h ? egangle h n ¢c h an k
m

PATT 2 P AR o — A R A 481«

"constrained formal statement":perp a b a c; coll d b a;
egangle d ¢ d k d k d b; egangle b ¢ ¢ k ¢c k ¢c d; coll d hb
; perp b d k h; coll ¢ d i; perp i k ¢ d; coll ¢ b j; perp ¢
b k j? egangle b ¢ h 3 i 7 h i



"constructive formal statement": Can't translate!

7 FiRFEGI, XFF 4 eqangle d c dk dkd b”?, ERIFHLAEL d A4 RE
TEH o kb s, Rt FRHES L= RS AR, Bz ik ik
XL, BRI

T NIRT IS ), FRAT TR 12 B R A A 2 AR B AT B LA AR B, BRI
IEAT ML — N A ZER 0 S 250 ERENLAGAL IS, RHIEE SR 100 RELLE,
RE R It 0 B A HE I 20K S IA 94.3% . TRATTNF I 346 HY A IR Y 65K T8 ~F- i L AT £
ZHJG, 193 15584 JE AR B~ 171 LA 1) f. R ix 268 H /9 AlphaGeometry
%N, 13353 & H g%t AlphaGeometry [ H AL IG AR RS, Hlw NIEH
A T U S8 % R G A AR BRI HE R %L 2] 80.8%.

2.3 FHMEMENIES BoEE

AP LA ERE 5 L EBE 2 MR, Krueger A (20213 84 #it 1
LA H 3h 4 B R St GMBL, PR IEPE I AL TE 5 FeA i T s 2 A
A BT SRARE 1 I R R L BB A I, 383 o P T B SRAG X B U A AR o THTAR
TERATRS FIHIEE R AE T, R EEW., BRIk AT, 3K
IR 1 — A RS YT i L a8 B sh ez B BE, 25A RN —
EARERTE ARG I A L, ot AR % i R AT 3R 2% A 1 1) LT B, T D
T AT 5 AR B B R 7R 151 -

perpKSSR
4.5
KGBG
20 PP K
6.5 1

3.5 1 6.0
x @ 55
S 30 f F

P, 5.0
2.5 4 454
C
401 T T T T T
2.0 1 4 5 6 7 8 9
X a:
35 4.0 4.‘5 5.0 5.5 6.’0
X axis

b=freeb;a=freea;d=on_diadab;c=on_diaca a=freea;c=freec;o=on_blineoac,on_lineoac;
b;p=on_linepac,on_linepbd;n=on_linencd, d=on_circled 0 a;b=on_circleb o a;e = on_circle e
on_blinencd;m=on_linemab, on_blinemab; k ad, on_circleecd;f=on_circlefbc,on_circlefdc;
=on_lineknm;r=on_linercd,on_tlinerpab;s= g=on_linegbd,on_linegaf k=on_linekac,

on_circumscdk,on_circumsbak?perpkssr on_linekbe?perpkgbg

Kl 2.1 P LA B shae R



HoAgdh, BTG e AT 5 A D RS 2 B O R R s R R0 A
HEANMEMEmE P #a 7R A GFN A B ARAR I — > B A IR
fils&F, Hrh, i3 angle bisector, on  line, on pline, on
tline, on_ bline, on_ aline N “ZRikIRHIKM4" , EAIME 1 #
BEERELHL Ax + By + C = 0 I, %0 A B,C HIRHI &M FH
MBH R BFRRE. T on_ circle, on circum, on_ dia, on_
aline2,eqdistance, eqangle3 N “JELMEIRHIZZAE” , HME TR &S
£ (x = DY + (y— E)* = F? il |, 2% D, E, F B RHI S AE IR SR 2 50k A4
PR OE o BRI FUBCH — AN BRI E A, WIAE 2 B 28R 1) 8 EAR I — s BT
PEHR AR, AR IS, % AR AT DLl i XA B2 [ 1 A8 e th o 7
BRI ELME . 55 R AR A EA R WEREAHSE A, M kAR EAR
KM, AT R WA PIANAE A, BRI AR AT O R . S
R TE RN, R o HEAT W 2 11 %A

o TR B3 AH [ AAAR IS A A1

o T B i 2 R H R A 1 BR i P 45 18
YR B L E R EIRE, B Ll 0 A bk ST R

WmNERR, EER =AM A B,C Ja, EIFREIN D SmAEKA S,
FREZRT Ml getEo, 1EH A DIF, (B2 4653 1 EARTE 4518
DF = EF, U7 BIIF B 3 1 53— N3 D, FRAE IR FAEH F/, 15
Bl MFEEFAME, W R

congDFEF

a=freea;o=freeo;b=on_circleboa;p=
on_blinepba;c=on_linecpa,on_linecbo;e
=on_circleepa,on_diaepc;d=on_circledo
a,on_diadoc;f=on_linefab,on_linefde?
congdfef

Y axis

K22 REFEREERG



TATI A B LR B B 45 Rk BT 200 S5 K e Kl H 4T 4
Mk Hrp, 12388 H (61.5%) EIiEd 7L ETE . £&HmEES, @ N L
KA, A 72% PIETEREHE BN T Mt S B E T 4518, A 28% 1 T B s fl B 4%
BT, BEINEASS DR H ZRA W, (HREBATHEW U5, T E
Fr7:

eqangle DKGODJAB

egratioPALNEOQM ,

¥ axis

3 4 5 6 7 8 4 5 6 0 8 9 10
X axis X axis

b =free b; a=freea;c=on_tlinecbba,on_circlecba;d=
on_plined ab c,on_plined cab; h=angle_bisectorhad
b, angle_bisectorhbad;e=on_lineedb,on_tlineehb
d;f=on_linefda,on_tlinefhda;g=on_linegba,

i=freei;j=freej;a=on_lineaji,on_circleaji;d=free d; g =free
g;k=on_linekig,on_blinekig;n=on_linenjd,on_blinenjd;o
=on_lineodi,on_blineodi;e=on_lineead,on_blineeda;|=
o[:-lnTilr:r: ! ia‘ g(,):nglti)rl:ze lig.-a; ino?olr:ine.rgjogn, {)lir:;lmf:"fek;rgﬁ:o on_tlineghab;j=on_plinejfbd,on_plinejcah; k=
- PILEL pika SIEHCH G WECHDH G on_tlinekdce; o=on_blineobc,on_lineobc?egangle
palneogm <
dkgodjab

B 2.3 B T LART B FEE AR R ) L Aoy Fl 7 B

seAt, FABILE 7 BRE S S EM AL B I ER]. F 2 AL
FEXT T IMO2004 4 55— R LA A ) 22 B U4, | 10 s 5 R0 T R AS L AR AR
RS EZRGE, FEFPE I I AR SRR AL B o0 R B AR AL R R AL, (H2
W T A AGE 53 BRI (BGRB8 2RE S A B2, DIE H B S
ELEAIL HARE S ZR e M EE A T 2R, T B s

coll BCX

Problem statement

a=freea;b=freeb;c=freec;o=on_lineobc,
Let ABC be an acute-angled triangle with AB # AC. The circle with diameter on_blineobc;m=on_linemab,on_diambg;
BC intersects the sides AB and AC at M and N respectively. Denote by O the n=on_linenac,on_dianbcr=
midpoint of the side BC. The bisectors of the angles ZBAC and ZMON intersect . .

at R. Prove that the circumcircles of the triangles BM R and CN R have a common
point lying on the side BC.

angle_bisector rb a ¢, angle_bisector r m o n; x
=on_circumxbmr,on_circumxcnr?collbcx

B 2.4 AL EATR 4 L 19

10



E£IFE FER/UTERESEMENESHEL

H S AL (Autoformalization) 212 F5 ] F AL 7 B K18 = B 45 T B H 3k H
SRIE 5 U I A O e BRI AR . ARG B B8 A SRS A A T A
VLBCEGTE Lo #r, W SCARR S5 R Pt SR B R . T oKIE S R H B8 B 3z Xk
et TG WHMTTE . AR IRATEA A1) LA 2] #  T52 2CUL R ) T
AT VERNEE T K18 5 B A B X 7%

3.1 EFEALAEAFNHL

FELET R EA T — ke FRUL RS R ARG . B, B ARIES
AT BT RRE DT, R H SR A LA 2R (el 2RBL. ARSER AR5, fa,
LR o) “R” SEESARD IR R AT R, FFE B A SAUL AR, B
WA SR AT G I N RIE, BRI REATR IR RS 5, R SL LR
B ROE BTIRE TR IE =, BARRAE I T P
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4 RS OFHXREANIER
W 1.1 FTR NE 1.1 PR
BAESER: 1 S\triangle AB CS 7£ S\triangle AB C$ R
SN 11FR, 7 S\triangle ABC$ &1, SAB=A 8
€S, RSDSTESABS £, sSES £ SA CS HUIE SAB=ACS SAB=ACS
K& L, SBD=CES, HEK SCBSERSFS, & [—— >
SBF=CBS . Fit SEBS 5SACS, SD FS5)5) XF RIDITEIABS £ 2 $DS 72 SABS E
SR SPSSQS . RIE: SPB=PF$. A SES7E SACS BUfEK L |, $SBD=CES, = SES 7£ SACS pViERZ £, SBD=CES,
HEA SCBSES SFS, ESBF=CBS . FER SCBSER SFS , £ SBF=CBS .
B% SEBS 59ACS, $D FS5I 35F 5 $PS,$Q8. H% SEBS 55ACS, SDFSA%I 2 F = $PS, $QS.
SKIiE: $PB=PFS. SKiE: SPB=PFS .
g 5 W FEFAERED STMOFHEZER (REIES.
0B 1.1 R W8 L1FTR
£ S\triangle AB C$ =
WEEESH A RE:
SAB=ACS congabag; ab=segementab;c=on_circlecab;d=
— HHE, ## —> |on_linedab;e=on_lineeac, eqdistance e c
DS 7E SABS £ lldab; H ; K o&
SBs & SABS — ERTE —| cofida db;f=on_linefbc,on_blinefcb;p=
= SES 72 SACS muiEZ £, SBD=CES, colleac; congbdce; on_linepbe,on_linepac;q=on_lineqbe,
HEK SCBSER SFS , 5 $BF=CBS . collbcf;congbfcf; on_lineqdf?congpbpf.
B4 SEBS 55ACSRZT = SPS. collbep;collacp;
B4 SEBS 5 SDFS 2F 4 $Q5. collebg;colldfg;
SRIE: SPB=PFS$ congpbpf.

S R—

LAFPEE— I RXA—&&Y, BAFHEs
“E” “E” —-->collXYZ

2.8 FEE"AB=AC"-->congABAC

3BFHREBERRLAB, CD, — 1 =RE, BAFHE

& “BF” —->coll ABE, coll

----- (FHT3MEITAFRN)

3.1 ETEULE MRk

FEIXAN L RE A e A S R 15 S A2 HARTE 5 BUA R R, QR AT &g
iEZ ARG A LACH = o5 5 . H2 BB S MatR Rzl ae
MR kiR W “ =K ABC FIAMEIR L O fEH L AB £7, € 1L
st G R AL 1 iz U R 2 8 &R e R, TR QUL EC A 2 20 Ae A
S R DA

3.2 XiEsEEamEAKL
3.2.1 N ENFRVIEFAMIEIE

KB S AR E Bl A A W R LR A — BN BRT  R) X i L
e, FATEE 7 — SR L SR E 2. B RMARIES
BB HRIE S e, g 75 & AlphaGeometry BV TG I H , BB
IR A AR, XX BEAT BUEAR K, i E PR I B e AR 5 1 P
FISKE I ) B ARE S A E N, RS AN RIE S AT “ 15 A58 7, B A
e ZP RS e IVEN Y IN VAR QUNRVESIDAS] 2 5 00T PN R N2 P v AN G R v vl

12



T ORI (14 2L R 1 RN, BRI AR A0 T B s

BAESERE

Numina_Math_1.5

25K
IR HEHIR
| 7K 13K

GPTO1 T T
ShjiZawtd
No No

AGH L ETE
25K

ERIR e HiERL

18K

GPT-o1

BRI

=Sl o
i A
2.7K

ZIEIEHRY
R e
5.5K

No

¥

EEAXTF
2.8K

K32 P LT B s LR IE e £

FERXEELT, WAMEE T 3 MARKRENRRA, 252 HEaREaS.
EAR S0 e ANE R I 4% . 1R IA R 00 4% RE U8 7 1% tH 47 & AlphaGeometry 1872 7
AUH BB RS9 AE U8 DR dr AU — S IR R A LART R, 1T T8 SRR 36 ] ORAIE 17 88 128t
SR A it il A 2506 5 o

Hop, HuEteinst T Bl Rgr, HmREA B st B R G R EER L ks
BIMEE TR A Z P => 0, BAE R* FIEREHUEIE A, T P &M
YRR, P IRE— 25 an AN AL S 1 — S IR RUANZ 5 i A2 R R A 2% AF, AR
Hl R E AL, SRR RN AEE L EEE R B iR A IR
A DB IR TR RAT B Z RGO AR (AR SR BT L [ B[ 52 i, TN
BEMLE BUZ 5 A AT REARFR A — A, WRAZ A OCE — BRI AF, W H 2k i
A ERE L A e RIETEE 5 R RUR AT I B RR AT, WORAE T
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A7 R HE 2 O INARSEAE, Wizamdfehs “ @ BErs”. hT414n Mg
MAE BB RARNLE, AT ZE R T 100 K, Horpf —OCae g i i £ ko
LS UEVISHli BUR A € IER LR

VB SR 56 3@ 32~ 1] TAE I A GPT-o1 1 API SRSZHL. K H AR1E = i ATE
A 2 AR E S AR 304 52 BE A i 42 DA E o N 45 K0E S A, IRk R Iy
BHEE X EREFTE . JFRME “Yes” Bl “No” HILR. LAUN 2T e i
i

Please verify whether the following natural language statement
of plane geometry problem matches with the formal statement.
Some qualitative could be neglected, like the acute-

triangle can be translated as triangle. Please output "Yes"
for matching and "No" for not matching.
—--Examples:
<Input>

<probleml> : In a convex quadrilateral $ABCDS$, the diagonal
SBDS bisects neither the angle $ABCS nor the angle SCDAS.
The point $PS$ lies inside $ABCDS and satisfies $\\angle PBC
= \\angle DBAS$ and $\\angle PDC = \\angle BDAS. Prove that
if S$ABCDS$ is a cyclic quadrilateral, then $AP = CPS.

<formal statementl> : a b ¢ = triangle a b ¢c; o = circle o a b
c; d = on circle d o a; p = on_aline p b ¢ a b d, on aline p
dcadb??congapcp

<Output>

Yes

3.2.2 FMT KIRBERIFRE DRV EENIR

TR TXESRZ G, AT HBEAEES B, AREBHE R E 3Rk
IR, FRATIEE T B 100 JE 74 IMO - BUBUR TS @R B 10 25 1 I IMO 100,
BATE SR TH T 1987 £4£3 2024 1) IMO J L B BRI UL 8. B35 N Ty 2
WA AT TSRS TR MG H, IR Bl 5 R 4w i ik
KIEFHEM AL, B RKE T BALR A )45 Rt T N TEIE, iRk id L
EREE, PR LR A H G U5 . SR NR BE e A P L LA B 3 1k
IREST.

3.3 fRmiliz

R Al BB H A R SRRS: — o718 T2 (prompt engi-
neering) F/DFEASR R, I8 G OB K AP k4 Bl e B E R A B IR . 32
N TR BTS2 BRI M DEARTR kTR AL SER EF 5. £
A LB SS rh, RAMER 1 RS 28800 2 11 R S8 37 1] «
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3.3.1 FEITRTAE
WA $ 7 i) B BOLE T WA AL (AR S5 SR AN T 75 PR B At

- Role: Expert in Formalizing Plane Geometry Theorems

- Background: The user needs to translate plane geometry
theorems described in natural language into formal language
to achieve more precise mathematical expression and logical
reasoning. The user has already provided detailed
explanations of the formal language and translation examples
, but requires assistance to complete the specific
translation tasks.

- Profile: You are an expert proficient in plane geometry and
formal language, capable of accurately understanding
geometric concepts in natural language and converting them
into logical formal expressions. You have a profound
understanding of the structure of geometric theorems and the

rules of formal language.

- Skills: Proficient in translating natural language
descriptions of plane geometry theorems into formal language
, accurately identifying geometric elements and logical
relationships, and converting them into formal expressions.
Also, you possess rigorous logical thinking and a high
attention to detail to ensure the accuracy and ambiguity-
free nature of the translation.

- Goals: Based on the natural language plane geometry theorems
provided by the user, accurately translate them into formal
language, ensuring that the translation results comply with
the rules and logical structure of formal language, avoiding

translation errors, and providing clear explanations of the
translation process.

- Constrains: The translation process must strictly follow the
rules of formal language, including the correct use of
predicates, accurate number of parameters, and ensuring that

each point's definition does not exceed two constraints.
The translation result must not contain undefined predicates

or symbols, and the predicates following the question mark
must be one of the predefined conclusion forms.

- OutputFormat: The translation result should be output in the
specified format, including the definition of each point and
the expression of conclusions, ensuring that the format is
standardized and clear.

- Workflow:

1. Carefully read the natural language description of the
plane geometry theorem to understand the geometric

15



elements and logical relationships in the problem.
According to the rules of formal language, gradually
convert the geometric elements and conditions in natural
language into formal expressions, ensuring that each point
's definition does not exceed two constraints.
Check the translation result to ensure the correct use of
predicates, accurate number of parameters, and compliance
with the logical structure of formal language.
Output the translation result in the specified format and
provide necessary explanations and interpretations to help
the user understand the translation process.

3.3.2 ERFEMN

HE 5 T AlphaGeometry PRI AL TE 5 IR AT B AR FHVE

-—-Translation Rules:

X

X

X

X

X

X

= angle bisector x a b c: Construct x on the angle bisector
of angle abc. (1)
= angle mirror x a b c¢: Construct x such that angle abc =

angle cbx. (1)

= circle x a b c: Construct the circumcenter x of triangle
abc. (1)
= on circum x a b c¢: Construct point x such that x lies on
the circumcircle of triangle abc. (1)
= eqgdistance x a b c: Construct point x such that xa = bc.
(1)
= foot x a b c¢: Construct point x such that x is the foot
of the perpendicular from a to bc. (2)

x = free x: x is a free point (no other constraints). (0)
= incenter x a b c: Construct x such that x is the incenter

X

of triangle abc. (2)

tl t2 t3 1 = incenter2 tl t2 t3 i1 a b ¢ : Construct i such

X

X

X

X

X

X
X

X

X

that 1 is the incenter of triangle abc. And the incircle of
triangle SABCS touches the sides bc, ca, and ab at tl1, t2,
and t3, respectively.

= excenter x a b c¢: Construct x such that x is the excenter
of triangle abc opposite to a. (2)
= midpoint x a b: Construct point x such that x is the

midpoint of a and b. (2)

= mirror X a b: Construct point x such that x is the
reflection of a over b. (2)

= on _aline x a b ¢ d e: Construct point x such that anglr
xab = angle cde. (1)

= egangle3 x a b ¢ d e: Construct point x such that angle
axb = angle cde. (1)

= on bline x a b: Construct point x such that xa = xb. (1)
= on _circle x o a: Construct point x such that x lies on
the circle with center o and radius oa(xo=oa). (1)

= on line x a b: Construct point x such that x lies on line

ab. (1)
= on dia x a b: Construct point x such that angle axb = 90°

(1)
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- x = on _pline x a b c¢: Construct point x such that x lies on
the line through a and parallel to bc. (1)

- x = on_tline x a b c¢c: Construct point x such that x lies on
the line through a and perpendicular to bc. (1)

- x = orthocenter x a b c: Construct point x such that x is the
orthocenter of triangle abc. (2)

- x = reflect x a b c: Construct point x such that x is the
reflection of a over bc. (2)

- a b = segment a b: Construct line segment ab. (0)

- a b c = triangle a b c: Construct points a, b, ¢ such that
abc is an ordinary triangle. (0)

- x y = cc_tangent0 x y o a w b: Construct points x, y such
that x, y are the common tangents of the circle with center
o and radius oa and the circle with center w and radius wb.
(2)

—-— Conclusion Forms:

For the problem to be proved, use "?" to connect, and the
conclusion to be proved follows "?". The conclusion is
described in the following forms:

-? coll a b ¢ indicates that a, b, ¢ need to be proved
collinear

-? cong a b ¢ d indicates that the lengths of line segments ab
and cd need to be proved equal

-? para a b ¢ d indicates that lines ab and cd need to be
proved parallel

-? perp a b ¢ d indicates that line segment ab needs to be
proved perpendicular to cd

-? cyclic a b ¢ d indicates that points a, b, ¢, d need to be
proved concyclic

-? egqangle a b ¢ d e £f g h indicates that the directed angles
of line segments ab, cd and ef, gh need to be proved equal

-? egqangle a b b ¢ e £f £ g indicates that angle abc = angle efg

to be proved equal.

-? egqratio a b ¢ d e £ g h indicates that the ratios ab/cd and
ef/gh need to be proved equal

333 LHAXRETR

i H BAES
45, [EIETEHE AT % As .

-- Examples:

Below are some pairings of formal problem statements and
problems: the problem is in English, and the formal theorem
should be separated by semicolons, with "?" used to connect
the problem to be proved.

<probleml> : In a convex quadrilateral S$ABCDS$, the diagonal
SBDS bisects neither the angle $ABCS nor the angle S$CDAS.
The point $PS$ lies inside S$ABCDS and satisfies $\\angle PBC
= \\angle DBAS$ and $\\angle PDC = \\angle BDAS. Prove that
if SABCDS is a cyclic quadrilateral, then S$SAP = CPS.

T A TE 5 —— X BB A 7R B A SR s B e
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<formal statementl> : a b ¢ = triangle a b c; o = circle o a b
c; d = on circle d o a; p = on _aline p b ¢ a b d, on aline p
dcadb?congapcp

<problem2>: Let $D$ be an interior point of the acute triangle
SABCS with $AB > ACS$ so that $\\angle DAB= \\angle CADS. The
point SES$ on the segment S$ACS satisfies $\\angle ADE= \\
angle BCDS$, the point $F$ on the segment $ABS satisfies $\\
angle FDA= \\angle DBCS$, and the point $X$ on the line S$ACS
satisfies SCX=BXS$. Let S0 1$ and $O 28 be the circumcentres
of the triangles SADCS$ and $EXDS$ respectively. Prove that
the lines $BCS, SEFS, and $O 1 O 2$ are concurrent.",

<ormal statement2>: a b ¢ = triangle a b c¢; d = angle bisector
dbac, e =onalineedadcb, online a ¢; £ = on aline

f dadbec, on line £ a b; x = on bline x b ¢, on line x a

c; ol = circle ol a d ¢c; 02 = circle 02 e x d; y = on line

y € £, on line y b ¢ ? coll ol o2 y

<problem3>: $BCS$ is a diameter of a circle center $0$. S$AS is
any point on the circle with $\angle AOC \not\le 60"\circ$.
SEFS$ is the chord which is the perpendicular bisector of
SAO0S. $DS$ is the midpoint of the minor arc S$ABS. The line
through $0$ parallel to $ADS meets S$ACS at $J$. Show that
$JS$ is the incenter of triangle S$SCEFS.

<formal statement3> : b ¢ = segment b ¢; o = midpoint o b c; a
= on circle a o b; d = on circle d o b, on bline d a b; e =
on bline e o0 a, on circle e o b; £ = on bline f o a,
on circle £ o b; j = on pline j o a d, on line j a ¢ ?

egangle e c e J e j e f

3.34 EFIEFEM

N B RS T T AE ATRIE IR T AR SR, IS B R A I,
EXOH IS 1 S R s bR S, BRI RRE R AL .

--Tips:

Accuracy 1is crucial in translation, and you need to ensure that
the translation expresses the meaning of the original text
and avoid ambiguity. In particular, you should pay attention
to the following in your translation:

-1. You need to check the number of parameters after the
predicate, such as a = circle a b ¢ must have three
parameters

Please do not use irrelevant symbols such as parentheses in the

translation results. Also, do not use predicates that have
not been given to you.

-2. n your translated results, each point should have at most
two conditions to restrict it. In the Translation Rules of
the formal language, each item of translation has a
parenthesis. The parenthesis indicates the number of
restrictions brought by this predicate. Each point's
translation should have at most 2 restrictions.

18



-3. The predicate after the question mark must be one of coll,
cong, para, perp, cyclic, egangle, eqratio, and these
predicates should not appear before the question mark.

-4. The format for translating the theorem: "<point> = <
predicate> <parameters>;" or "<point> = <predicate> = <
predicatel> <parametersl>, <predicate2> <parameters2>", and
for the conclusion, the format you translate is "? <
predicate> <parameters>"

For each translation, such as "e = on line e a ¢, on circle e a

d;", e is the point being translated, "on line" and "

on circle" are the predicates being translated, and the
predicates are followed by the parameters of that sentence.
In the translation, you need to ensure that the first
parameter is exactly the point you need to translate.
Besides, the point you need to translate cann't appear at
the second, third or fourth parameter.

5. For every point, you should check EVERY condition that the
point satisfies. Don't miss any condtions.

3.3.5 H/HEFES
PLURHE 818 B AR Zh B AL BARFIRIIEAT 55, Hb B AE S 10305 2 i ) B 22
R B ORE S B

-- Task:

Please translate the following problem according to
workflow. Carefully consider the --Tips and follow the
output format. Think carefully and step by step. Your
formal statement output should be in TWO line (one for
problem, one for formal statement) without any comments.

<problem 11>

In triangle $SABCS, point $SA 1S lies on side $BCS and point
$B 1S lies on side SACS. Let $PS$ and $Q$ be points on
segments $SAA 1$ and $BB 1S5, respectively, such that $SPQS$

is parallel to $ABS. Let $P_1$ be a point on line

$PB 1S, such that $B 1$ lies strictly between $PS$ and
$P_1$, and $\\angle PP _1C=\\angle BACS. Similarly, let
$Q 1% be the point on line SQA 1S, such that $SA 1$ lies
strictly between $0$ and $Q 1$, and $\\angle CQ 1Q=\\
angle CBAS. Prove that points $P,Q,P 1$, and $Q 1S are
concyclic.

3.3.6 AEHRRIDEIFLE

T FAT LR R FE B <example> FOECE T T BRI m . FATIR T
04, 14y, 3/NH 10 MEEBIFRRFZAE T, BRAIRREMER R, 45 RW TR
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3.1 FHEERREIEOE AR R B 1Y IR R AR

FHEEREBIEL (2R E0D  BIIRERRE (pass@l1)

0 MR (7K 16%
1 M (8K) 21%
3 MEEHBI (10K) 25%
10 MEER (16K) 26%

LIRSS IR R, FEAEBIE LD I, IR PR A K RE N IR v R H Bl
AAHIRE ST, H2E 2 R E] A RE S A R B2 = B R R 1 g

T, FATIER T 42 7K AlphaGeometry B8 A0EL AJTEVE LN (Tips) FIEE 400
A$E7~ ] [Po0f LS as, S5 Rk

3.2 I tips 0 KRS B 1Y IE 1 28 O RS T

BHPERmE (CFRFE0 FHPEAERA R (pass@1)

0 MBI (6KD, % tips 8%

0 MER (7KD, A tips 16%
3IAEER] (9K), A tips 24 %
3 MR (10K), A tips 25%

IR R, FEFAEARTR RIS, FLAATR AR RIS AR F g A R ) A
RKAMRKFEM . H2 G DREARTRRI, BT DU 5 2] 5] 1 R 3L P 4a A 1)
PR R, [ SE4R A FUN S TR BB 3 IE M R e AR # . DL — M
BRI 1, AN TR B B0 S 2 e B I 35 S8 RAR K RE M . Forb gpt result 1 Al
gpt_result 2 J@ EEAT, BIRERY), MH A gpt_result 3 Al gpt_result 4 [1)EY

PR A

o OB B AN AR AL B RN AR B s 3R X TR R K 45 I TR

Angs 7 EEG T ioE, BRGS0 s

Listing 3.1  AN[EHR7~ a8 P45 SR UL

"problem": "S$BCS is a diameter of a circle center $0$. $AS is
any point on the circle with $\\angle AOC \\not\\le 60"\\
circ$. SEFS$ is the chord which is the perpendicular bisector

of SAOS.

$DS is the midpoint of the minor arc SABS. The

line through $0$ parallel to S$SADS meets $ACS at $J$. Show
that $J$ is the incenter of triangle SCEFS."

"gpt result 1 (34 # #l, Htips) ": "b ¢ = segment b c;
midpoint o b ¢; a = on circle a o b; d = on bline d

» O
o |
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on circle d o b; e = on bline e a o, on circle e o b; f =

on bline £ a o, on circle £ o b; j = on pline j o a d,
on line j a ¢ ? egqangle e c e j e j e f",

"gpt result 1 (34~ # fl, KLtips) ": "b ¢ = segment b c; o =
midpoint o b ¢; a = on circle a o b; d = on circle d o b,
on bline d a b; e = on bline e o a, on circle e o b; f =
on bline £ o a, on circle £ o b; j = on pline j o a d,
on line j a ¢ ? egangle e c e j e j e f",

"gpt result 3 (04 # #l, Htips) ": "o a = segment o a; b =
on circle b o a; ¢ = mirror ¢ b o, on circle c o0 a; m =
midpoint m a o; € = on circle e o a, on tline e m a o; f =
mirror £f e m, on circle £ o a; d = on circle d o a, on bline

d ab; j =on pline j o ad, on line j a ¢ ? egangle e c ¢
3 J cc f£"

"gpt result 4 (04~ # fl, KLtips) ": "o a = segment o a; b =
on circle b o a; ¢ = on circle ¢ o a; m = midpoint m a o; e
= on circle e o a, on tline e m a o; £ = mirror £ e m a,

on circle £ o a; d = on circle d o a, on bline d a b; j =
on pline j o a d, on line j a ¢ ? eqgangle e ¢ j c ¢ f"

}y

3.3.7 HEEFLERSHMH

TAME A S R EIRE A E B Numina_ Math_1. 5[15 YEN R a6 B 5,
fiti i t H A AT AR ZS “ Geometry” F1 “proof” H1IE B @ 25631 & . 1L F-1T A GPT-
ol [ APL, A 3 MR +tips (O FE AR BEAT T A AR 28 . £ 25631 JE 8, 3L 18323
A H @ 7RIS EALS, 5469 1EAE HiEd 7 RIPRE S M EUER S, 2720 18
AE I TR E RS, Al B AR R, FRATTG R R AR A —
AL BRI LR A 48 Numina_Geometry o

DA J2 7 AR I 13 S i 1 22461 23 A

Listing 3.2 FIhZH

"problem": Triangle $A B CS$ is such that $A B<A CS$. The
perpendicular bisector of side $B C$ intersects lines $A BS
and $A C$ at points S$PS$S and $Q$, respectively. Let S$HS be
the orthocentre of triangle $A B C$, and let $M$ and SN$ be
the midpoints of segments $B C$ and $P Q$, respectively.
Prove that lines $H M$ and $A N$ meet on the circumcircle of

SA B CS.

"formal statement": a b ¢ = triangle a b ¢; p = on line p a b,
on bline p b ¢; g = on line g a ¢, on bline g b ¢; h =
orthocenter h a b ¢; m = midpoint m b ¢; n = midpoint n p g;

x = on line x h m, on line x a n ? cyclic a b ¢ x,

"trans state": Successfully translated!

f£ By, j(’fﬁ?&ﬁﬁ%ﬁ‘ﬁ%—'ﬁ?%??mﬁiﬁJr PIE M, [N b iE
TAER HM R AN 5853 X, 385 51N FP ) e I 56 i 3 o X PR A5
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BEEN TP A LR AT REN .

Listing 3.3 #RRRMEG]: Bfa%E =

"problem": Let SA B C$ be an acute triangle such that $A H=H DS
, where S$HS is the orthocenter of $SA B C$ and $D \\in B C$
is the foot of the altitude from the vertex $AS$. Let $\\ell$

denote the line through $HS$ which is tangent to the
circumcircle of the triangle $B H CS$. Let $SS$ and $STS be the
intersection points of $\\ell$ with $A BS$ and SA CS,
respectively. Denote the midpoints of $B HS$ and $C HS by SMS
and S$N$, respectively. Prove that the lines $S M$ and $T NS
are parallel."

"formal statement": "a b c = triangle a b c¢c; h = orthocenter h
a bc; d=foot dabc; m=midpoint m b h; n = midpoint n
c h; s =on line s a b; t = on line t a ¢ ? para s m t n",
"trans state": "Numerically Wrong!"

- THVE B PR A R I R A E AR B R A IE M k. IR E R,
WMEAEN—A =M ABC, W] H [FIW FE L H 2 =/M¥ ABC )L H AH =
HD,¥E 3 MR, Bt—IFE0 =M% ABC A REM B, 1R 1% 2 5
PRI . BRI, IX PR TEVE — % — A T TR B R . AR RIS & AR
BIPELAE, HISET AH = HD %, Lyl “Buissis 7.

Listing 3.4 FPRRIMER]: THIEE IR

"problem": Let $A B C$ be an acute-angled triangle with
circumscribed circle $k$ and centre of the circumscribed
circle $0$. A line through $0$ intersects the sides $A BS
and $A C$ at $D$ and S$ES$. Denote by $B {\\prime}$ and S$C"{\\
prime}$ the reflections of $BS$ and $C$ over $0S,
respectively. Prove that the circumscribed circles of $SO D C
~{\\prime}$ and $O E B"{\\prime}$ concur on $kS$S.

"formal statement": "a b ¢ = triangle a b ¢c; o = circle o a b c
; d =on line d a b, on line d o e; e = on _line e a ¢,
on line e o d; b' = mirror b' b o; ¢' = mirror c¢' ¢ o; X
on circum x o d ¢', on circum x o e b' ? cyclic a b ¢ x",

"trans state": "Syntactically wrong at 'e'"

TR T B, X T2 DOE = Ridtd, BRREE IR, (HARE — K I
E SRR ARH A, K d=on_line d o e JEAFFEIEVEMIE. BAYRESH i E H
I8 S0, BRI e AR B 1R .

Listing 3.5 #HPERIMCGES]: 15 AR

"problem": Prove that if, during a parallel projection of one
plane onto another plane, the image of a certain square is a
square, then the image of any figure is a figure congruent
to it.
"formal statement": "a = free a; b = free b ? cong a b a b",
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‘ "trans state": "Semantically Wrong!" ‘

Emmg i, BE A G B T L RYasE, BRI Iek A B AE S L. T
B 7 — MU B BRI S5 R AB=AB, X5 Rk A 1 58 —ANE S Y
e SOk e, FEASREN B L -

3.4 FEJLAFNUEIRELL B SR

AT B i b g BT RS BB 4E Numina Geometry HOJH &, AT B AT %L
PEEEANAS R 1) T LA B R R AT XS L. Hork, IMO_30 1 jgex_ag 231 52 AlphaGeom-
etry H 7 PRI B RN R4S, 45 SR W R R

R 33 AFJLATEEE S L

Hutk BHERE FHEAKE CFHEHRDE DD+AR MR
AR HLA

Numina_Geometry 2720 195.45 9.11 53.1%

IMO 30 30 268.27 12.50 46.7%
jgex_ag 231 231 156.21 7.02 85.7%
L3 B AL

sr_geometry 15584 184.36 9.57 92.11%

MEFRT LA B, S NSBB8 E S SRS A B n
2= G 10K H B HME B —— 0 T NS HE B 5] Sk R . AR LLE
i, DD+AR f# ¢ Numina_Geometry 1) L{A] 8 ¥ §E /7 A LA ¥R IMO_30 = T 8 4>
5 e XK B AT AN AL AR DR TUART 8% T 3 FE F0 A v 34 W7 1R K 22 0 —— T
XU R, AL BE 22 (R B TRVE R A B, 1 AT I T B i B
HERE, B9 b RAMSS E T B SR L R, FREXN T AEME, Nu-
mina_Geometry [ J LA @1 22170378 {8 B T IMO_30, {HZ @ B X T AL 1 5 5988 A
T IMO_30 FIBARE

HRXTHRERAEEH, BRILATREAE KENRTIR&ML, HETRAR
%2 AR TR TUAR B ERAE J LA A BEAE S 7 B, A AR 8 LA 8T 5 )L
ISR A Z N, PR 38 45 HE 38 5] B0 AR KBk -

TEGRAN T A BGE 8 H K K |32 B R G w1,
AUESR, NTE&REEIUTEE RS RIEEE A A, ETREERE S
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BTSSR, X BRI AN IR T A A B XL, AN BAT LT N 1% 2 AT (1
WERHE, AP B ARUR EARRERKER . B, RS ES R A
FA NGRS AEH , T2 S8 H AT & RCEE o

egangle LMRTDLEF eqangle RWCNFGKM
’ ")‘
6.5
N
6.0
]
% 5.5
>
5.01 D
454
4.0 T T T T T T
4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5
5 6 7 8 X axis
X axis
b=freeb;a=freea;d=on_tlinedbba,on_circledba;e c=freec;a=freea;e=on_circleeca,on_tlineecca;f=
=on_plineedab,on_plineeabd;c=on_circlecba, on_plinefeac,on_plineface;b=on_blinebac,on_dia
on_blinecb a;g=on_linegcd,on_blinegcd;f=on_line bac;d=on_plinedabc,on_plinedcab;h=on_linehf
n_linehdb, on_blinehdb;i= d,on_blinehdf;g=on_line ged, on_blint =
on_blineigh, on_bl fg;k=on_circlek e g, on_tline k angle_bi ornahc,angle_bisectornca
eeg;l=on_linelge,on_blinelge;m=on_linemia, ef,on_blineife;j=on_linejgf;k=on_linekch,on_tline
on_blinemai;r=on_lineref;t=on_tlinetref?egangle knch;m=on_linemca,on_tlinemnac;r=freer;w=
Imrtdlef on_tlinewrjg?eqanglerwcnfgkm

K33 ANLARGERE

3.5 Numina_Geometry #i2& 7 AlphaGeometry _tAJMIK

FA ¥ Numina_Geometry (1) 2720 &[] J L{AT @1}y AlphaGeometry %A,
B ik AlphaGeometry 347 — kK DD+AR il &5 5 1444 188 H 45t — 0 DDAR
SRR A . IR 1276 75 H ) 75 B A8 Bh AR TR A0 136 Bl B )RR 18 2 SR . 3R
T8R4 %X 2% BATCH SIZE=8, BEAM SIZE=32, DEPTH=8,JfH
£ 16 NMZE) CPU EIR4T, WoE ME I K I RN 5 080, 455K
AlphaGeometry fif Hi R & H 4 396 &, Ml Tl 2 9 31.1%. i1 3853 DDAR HY
7 H , AlphaGeometry 7E 1% 1SR B ZAUH 67.6% . 7% 18 2 E 4 45 Numina_
Geometry f)JUAT RS FE 10 A 11 IMO, X F17E AlphaGeometry 1632 (BT 12 31 i figg v
83.3% M IMO JUA M @A K ZE8E o 3E 22 PRI BRI R AE T R R PRI 2
P, H5k, AlphaGeometry I THEHFELE 1 7E T DDAR # % [] CPU, AlphaGeometry
AR 22 10000 #% CPU [FIB AR 15 8, USRI [ 1.5 /i), RGP 3418
R T B IR R AR SERR Y 750 £5 . ATLAE EI, AlphaGeometry %1115 52 IR 1
TR B, RISE A 240 B s 00 S O H e 8 B ol B s i B P M e

B, 7577, FATHEZF AlphaGeometry K3 4 1 K A Fa g ko
Wikt T IMO 3 fai B/ 2008-P1, Alphageomtry 75 B A% FH 246 M A GELE 1.5 /Mt
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WEH, AT 22 i 2000 MBI AL WOABE RIS “ AlphaGeometry i i #E
HEE JUARE S “HRB)” THIBh AL TGS I BN R T A A
BIEFATIGAUE . XMW EIE T, AlphaGeometry 3k15 IMO £ /K- IEA R AL ff-~F1i
JURTHIZE i, RIS 5 A I B HEEE RE 198 A it — P4 T B T RE

25



AW U G U >3 R B S Ak i, $R T RV AL TE = 2
EMERAE T RGNS, B VT ETHEEESNEIZEAS, Fik
i 7 BREF 2EAMLTE F R =P B E 2, M 1R U e i E Ak .

FESLIRAN B, ASHIEFOIEAG H DL T WLEE:

o ASCHEH PO RAE, B EORIE T IRTETE 5 BIRE TR 5 H AL Te )
PERE Rtk g — ik Ui U s S 1E W 7 oTike SR, SRR
A A JCiE T A 18 0 BRARTE M R 2 IR R dr L, SRon BRI AR R 7 2
SINE R MG s F BE 4 3 e L iE 5 RiA e

o KiEFHEMBRRR T REGRE 5 B S T 0 iERe 71, BT 2 2 ik
. RARBANE RS ER A H N, BREEm R AR T . U
TV R B i B OE L BRI HE I, MR i G E e . X
R, BAiEE T ORI IR 1 KRR s A A2 DA 4 T 7 o 1~ i LA i) AL
A BE T BT B 5 R T TS H I 25

« JEIL AlphaGeometry XF WriliyE LM SLI R, EARFE AT, RN
RRE N, UHAREMRE M ARG .. X—IRExR, AR
RGUE B EHEE” (G mBIE ) EURMOB 7T 2 MBS, Gk
Z X JUAAT L5 5 A 3 SRS R AT RO AR, ROR 7R B M B r B e A Al FHEERIR
FEDL A ST T3t — 20 SR
JEEAROR, iU B S SR AR BT BN JLAN T [ 4R SRR -

o SIANZHSHER: 455 EREER (W) UTEEFED 53CKE R, BB RE
= ARG B S e AL, T ER R R A LT H ) B Sh R AU SHEE R TR
o PEARRH B SR S PR RS IR R R B LR o 2 U ik 5] S i B SR

B HT R AR, ITAEAT BR BEUET gt B8 52 2% (10 ) LA 24 [

c JPKEFE . BARNAKIUTEES, KRk, m. AREEE K
WS RRIE SHET, vt DHET R B (SR LT @A
JUAD 1 27k
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Bk A SMNCEREI P EENE
Alphageometry2 77 fif Pt BUPRIT 5 J1AA] i) R0 ) 4 ez o 1)

me

AT EE A 44 AlphaGeometry2 (AG2) , X &fE Trinh 5 H1 42 H 1) Alpha-
Geometry 2 [ 52 35 BOGHF AR AR, FCAE A p UMK L 5 J LT i) 850 )5 T 300 0 N 2
FEMIKN. N7 SEIIX—Hir, BATE LT & 174G AlphaGeometry 155, LA
fR s Je A Ia B CA RS 25 B Bl BRI 5 1 2 e g R 1 O e ) Ak e ik
BEWE T AlphaGeometry i 5 /£ 2000-2024 4F [F PR 2 AL 77 7558 (IMO) 1
] o) BB TR R, A\ 66% $RTHZE 88%. AG2 4% 2R FE il id ] Gemini 22
MSEHLE SRR, R 26 2 N RZR, S0 T Mo B AR L E= L. [\
i), FRATRAFS 51 R G BB s A st — 2308, B 5185 T AG2 BB ARAR
RE, AT 2 25 FRIFTA IMO JUT 10 331 AR EZRTE 2 T 84%, AHELZ AT
54% 1 T WERTF. AG2 tHZTE 2024 4F IMO Hik B4R AR AE ] R4 Alphaproof
—&hr. &Ja, MH AG2 fFE N2 B R GRS T BN ARE S AT
AR R L AT i i gk

FERIE . A THNEH]; IBEEA; BR

H3x

B L 28
AL Gl 29
A2 BRI B 5 o 30
A3 EMERER AT UTETEAE R .o 32
A4 R R S Gl 33
AS  HIFRIA N REIE 35
A6 T R s 39
AT I S R 41
A B 43
A R A 46
BRI e 46
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AA TEAGHIE EX BT HE SR AT O/ . 48

A B S 49
A.C  AlphaGeometry2 JAFIMERUEIE .o 50
AD X EMERT IMO 5 [a) JE B AL L 55
AE I E SR A B e B B e 55
A1 5|5

[ PR = BARIL s 5238 (IMO) 2 3 4 AR E AR 48, IMO [ /LA
FUXE LT R 4%, AR ORI 8 i) FOU 5 S 0 0 M O TR ZI O B AT B 1 N o 1D
JUfATZ2& IMO IR 2 —, BT HAE M@ AUA K SE — A, REEHN
FHIBEFINLASUE R RE H 2000, & A A T JERHE B AT 70 1WA ) E 308 3IE
A B PR 7. — R R vE R TR O Bl B A g R AU
U LA ) B 58 R O IR T ar A BOR, i g K 122 Y w4 A 1O
BATLET E#H, AR —ME g NRE4E7 AR 77, IF B 70T Be e
TR B H AR B ERRATZ /T TAE R, AN T AlphaGeometry (AG1),
RN T-MARG, MY LA R & EEAG 7 REHE, 7£2000-2024
T IMO J UM o] J_ L AR LR IA B T 54%. AGL 454 TiES A (LM) M55 5]
B, {7 X8 B PR G R

RAE AGL BUAS 7 l, ABAEJ AN R IR R AT AR AE BRI . FLPE RS2 314008
FReiB 50 HL 55 5| R MYIIAIE 5B A SRS . Bk, 4% & 2000 4
LA MATA LI IMO JUA 8, AGT IR RN 54%.

AAHT AlphaGeometry2 (AG2), AG1 FIFFERIRA, vk T Fik i) =R
H R ERTE TR AG2 FIH T T Gemini ' (15 SR, I HAE 5 U FI B
ZRALIEERSE BT TR BRATBEGIN T —AFER B KRR 5 51 %, i
TR, iR D RN AE (rule set) A S0 XU AUE TR AL . itk Ah, AR 40
WAE SV RBR GG 2 ) UTES, AR e AL TR, A T DR
THERIVERE, FATFR T — P B R 5%, ZEIRIR R 02 14 B A i 5
W&, R AL ZHLHRY AR R . &5, RITEME— e a5
WWHP RN RGOS TR, ZARREEY HEMERES WG LA i &
Jitk, FRATFIA Gemini ¥ i) 28 M\ H 2R 75 5 B EK AlphaGeometry 155, FFSLIL T
Wi B sh B AR R o X L Sk f 2 ok T RE I W 1R T AG2 £E 2000-2024 4F
FIA IMO J L] ] {8 _E R R IA B T 84%, XU AT FEMR v 1A PR ME 0 B2
HEFAR S5 D7 TS | ORI, JREBR 111 IMO &R 3 1K-F.
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Alphageometry2 HREEIEP A

o PRMAUISIE S WPl e, 7 AR AT SRR 1 1) BRI

o BOR K HERMRT 5512 UACHIRINAE . SEINAX U4 BERE ) DL S BE R
C++ 523,

o SeRERT M REE: FHZ AR AT IR R,

o WERATE S ALY BT Gemini 2249, YIZREHRETE K HEZ .

A2 BEAWEAIES

7E Trinh 8 A\ (2024 %) H IR/ 481 AlphaGeometryl (AG1) H, i 7 —F
fal LI LB RMGIE S (DSL), S HE 1 A LA “i5w 7 4
. IR LTI 2 DL 25 2000-2024 £ IMO BT J LT 1@ 66%, 1H AGI iE 5
TIERRZNETTRE . /2SS, PARCH W) “SRAE -7 B, DL
AR AG2 G ] fift PRI w8 ) ALK FLA PR
* A1 AGliEA

Py RS
cong a b ¢ d AB=CD
perp a b ¢ d AB 1 CD
para a b ¢ d AB || CD
coll a b ¢ A, B,C L%
cyclic a b ¢ d & A,B,C,D A
egangle a b cde f g h| ABFMCDZEMERMAE EF 1 GH WHIFE
egratio a b c de £f gh %=%
aconst a b ¢ d x AB M CD Z AN AESET x, Hrh x €[0,180)
rconst a b c dy AB : CD =y, Hiyg—1MEH

AG2 £ 3R 9 METRERF N 7 BAMIEE, SVFRH R x” SRR ) R

« acompute a b ¢ A/ “SRABM CD Z WML,

« rcompute a b ¢ dFER “Ef?t[ﬁ@]%o

FERLLL JLAAT ) @A, 046 2024 4 IMO LT, fAAE L& (AR, BEE) /)
LMETTHE, M AGl TERHIER N . N 7RIS, AG2 3 7L F =4
15 1] :

e« distmeq al bl a2 b2 ... an bn tl t2 ... tn y E VN

t1log(ABy) + t,log(ABy) + «++ + 1, log(AB,) + y = 0.
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« distseq al bl a2 b2 ... an bn tl t2 ... tn ¥/ 1 AB +
tyABy + - +1,AB, = 0.

* angeq al bl a2 b2 ... an bn tl t2 ... tn y *£ R
1,£(ABy) + t,4(AB,) + - + t,£(AB,)) +y = 0, H+ 2(AB) &% AB
57K 22 TR A T

F—A AG1 AR HRFI SR BT 8020 e /5, X 88 ) @ K sh . ZR AR Y
25, AG2 I H B IRNIEEM X N . K2 50 T 11 Fhdi S8 e =Xt B
FIE TR A E YR . IXEIRATGIN T — A AAsic =, FER @ A SR .

RA2 PUIRIRIE A LS NS 1A T

S BFR FEH B
(53] 388 3k [ 7 R a,b,c [FMEH ?cyclicabe*: X
PLa AL, be AR ?congbca*: X
A i [ 5E A HZ ab ?2collab*: X
ab HyrhHEEZL ?conga*b*:X
it a HY be AT E L ?parabca*: X
T a HY be EHEMEL ?perpbca*: X
R E 4 T ?colla**: X
RUPE B E 3] b ? cyclica* **: X
fi] 5 2 25 ?congab**:X
li4] 5 77 IF1] ? paraab **: X
Il 5E 11 ? eqangleabac* * **: X

H— TR
eAh, 18 AG2 UEBI A, FRATGIN T & BB R R R R A AEER L 4%
(i
s sameclock a b c de £fEXRIHMA->B-C5D—E— FAHHMHA
FRI NS 77 171
* noverlap a b FXm A M B AR

« lessthan a b ¢ d#/8 AB < CD, X7t SSA =il &% M FEy
fHH

AG2 BB 5| NHHIE1E overlap a b REBEIALSKEASM (BIS A B
HE), WYL A WEMBERWTCLHET B, RZIMA. EBEZ A (DD) 32
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H, EAG AAT LE R E SO E AN Ok E S B, TSI T 58
# cyclic with center Kifi#eXffFil. XH, cyclic_with center
al a2 ... an x KRN a =ay=-=a, el a,,a, PEAPFL CAE
n=0, W%FT cyclic).

FERGIR ) N, AGL |2 2 MR E L —Am, BPREAS m#f2id
REWDXN G (KEED KA RCKE L. XBRE] T AGT R BEAb BEAL 18 E ) 2
(constructive problem)——BR[FT A s # AT DLt i B AG Hoag SO 5 B A~ B a2 X
IS RIAS p R BRI E a) . 7E AG2 H, FAVKSE 7iX—2R, ARG 2
) g, Horb fURT LI /b =ANE R E X, S B E AR R L. X
FEH ST T — i it

P IX S dtRe AG U178 5 B di R A 66% $2 i 1) 88%, £ 2000-2024 4
IMO Fir A7 JUff el B L A1 12% L% 3D JUMT. A5 ARE Ay AT m]
e CRPEE A n AN, Hord n RAERIEREO . BB AG1 F1 AG2 78 15 (117
A CLA SR8 o ) D) AJ DAAE P 8 Ak o AR 7 o ) 1) U AR g “ AR a7

A3 Bzt Rz L Fn LT B Ak
Baftizi e

AlphaGeometry N HRBIMA RS RGEH) — A E 255 nUR T Z T30 A 1)
I IR 5 e o R B VR . B, — AR LT U ARTE S R IR
N “HE-ANFEBE=MY ABC, HT AB = AC, EW] $UBS Fl 2C M5, 1E
AlphaGeometry S5 5 LR N :
triangle a b ¢c; a b = a ¢ ? egangle b a b cc b c a
¥ix—dEA, FROABERESKIEAML (formalization), & 2 FiIHI 7T AT ER 4
UL 5 AN FAEF Z FIRIEML, X—MEEEREL ., REMIEEERH
B B A 7 2 R A TR R W ) 5 — A G, OF B I S R IR
B v AR Az . R, BB E AL (auto-formalization) 4 £ gl 75 %
S BT SR SRR B RE . % T B 2R Al RS S AT 48 I H X
Fhe 7y, BAVER T HAPH—MER, Geminil'l, K4 AlphaGeometry F Z1k 11
BB R . FATE LT ER LA U RN AG 15 S, SR 5l X 2R
95— D REARIRIR, K Gemini $545 7€ 1Y LT WM B 28E S BIIERAG TE S -
FATHIXA$E7R 1A Gemini AW 1Lk, S FFEAT — K Gemini ], ZEROKX L
ZREIN A REES. EBERXMITE, HATRE®IE AL 2000-2024 5 IMO 39
ANRITE AL T UART T 88 1) 30 Ao S T4 fi 5 UART o) @ L AN 4 HH
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Bt ERERK

BATRAE R A — AN 2B AE K. £ AGL B, B SHE BT RZ B
1 PR IS R E LR, DRt e B eT DU A g vy e X, R H AT RLE
AMAERE . £ AG2 1, ATV —ADEE A SRR PE S EE I E e L, X
FATREWE IR 5 AEMIE I 10 R . 2B 8 — AN EMIE P IR R Rk “& ABC H—1 =
e, NN T, 15 AT =2BI-+", XHE & T AMUPE ARG, RIFHEN
PRI RS s, IS =AME IR AT = 2B 5E X, TR — NG AT AR 3 X
FEMIDIAS fio BT AG2 Wi T ARMIE P IR R, B O AR H R LR 4
WHEFEANTTH. ROT Krueger 2 AT T7L, AR T LN, BT
R AL A ) R ) 1 ) PR T A

B x e R N—AFE, FoRATE BRIIATE SR BATEEFREANZE C,
BAEEbR, ISR ¢(x) =0, Hh ¢, B—NIEEMRE. RABSHEE T EE R
B % S APASER. B, BATERITRESR Yo oo 6,5 LIEIT ADAM
B T ReiAL, Hd ¢ RETEAWRMES, FE N E—NRR k. T8
&ﬁAﬂB,&MML%ﬁ%gﬁgmﬁ%,%N%ﬁﬁﬁﬁLﬂH%%,u%
IEHAEARIE K. 2 ADAM AL i Rk BI3EAS BE R, A1z 1k, FEMERIE
N AL D e 2 e - 2R -2 SOAA A i, AR — AN A B R E A E R 1 Ty
TR M BUA R -

XFTIEEEALAE Krueger 25 N UOIPE VR38R 1o 55— BURFEAS AR [F]
I, FRATSINT —ASB IR I Bt X — N FO MR T 78 SR 4 75 1k rh R BB B R %
AT B B SL PRI G, SCE T iR ZE TG

BAE 44 A AG B F I AH) IMO [ 81X Ry 7347 1 e ik (L
K 8), JaelE NI A 41 NI BN E . BATVEH 2 A AT RIS AT P Bl sl
T, FRERMUG BRI 7 — A VAIGICE Figi7. X mor =, 40/44 0] @5
15 1 /BT RS R 2Y 40 ANEERE RN A AR A 1 B (22 I RBAE 28 — IR L
FPer AR T D . X TR B 4 AN, FRATEAT T E KR A R, I
i T EZ IR X7 FATE N IMO-2011-6 A5 1 1&], #6400
oyl T 3333 AMiERE.

A4 FRERFFTSSIEE

55 5] %2 AlphaGeometry 1% -G 2HF. FATE H N DDAR (Deductive
Database Arithmetic Reasoning) , ‘& & — Mt HEHZE MM EE, %€ —4Y)
WESE, HSHATA TS AES. DDAR EENE — A E S RESEn, &R
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HKe R SRR R, EFTE R BT SN I

DDAR BENEE) 7 HeAl 1% 2 B i e A e, L0 Sk 0 4 2 b R
VEIRF . TEPIRIE IR, JUREER e E . 0 bSO A T DA S0 VP 58 A B
R KIS, T B AOE W 2 0 T BASEAT S VS 4R, T e
o4y 5 1 AL PO AR B e O7 81 TT R

7€ AG2 1, DDAR MRkl 3 B L7 = A7 [

o QbERER A R

- WHRELL,

o EHEII.

41 IBES S

FEEE TSI DDAR B, FRATZAORKE 5 [ 6 FE R EUM [F] 1) o B A A2 4R 5
F, Fog TSRl ZE R s A g s (i, HE RO M E BB T Thales
SEHL) . SR1MT, DDARI §R/b—DREEDIRE, XN TR B 0 R Bk
2 A AR 4 FRAEAH [F] AL BRI PR A

B, RSBRATFHEIE L AB A CD (A2 A P AT HAE o E. AT
RER il “ s ” MRS — . 5HUEAZ S PALT o b, FRATAT
PLE 5| N — Al BhiaiE & P 1EN AB Al o IZE A5, ARJEIEMH P’ i1 F €D L,
M P=P, K PHHT o L.

T SRBUX R IS HEEE, FATEE DL AN PR B E A R

1. #iE— A P AEN AB o WZZ S (FRATIEAFNE PP 55 PEA).

o — AN S 5 A5 TR0 £ 4 B A3

2. kB P i1 CD k.

3. T PRI P #ALT ABRICD |, BA1BH P=P.

4. Nk, PHiT o k.

4.2 BIRINEE

DDARI FEAC B — BN, I 2 uCR MU N H TIrE mi & . X —id
FE S — MR 20 R, H e B e m ) 2 . — A>T RILECP 3R,
I 6] 52 2% BE R BN AT 4R T AR da 8. Be B, AGL UGN PR, g &R
ML= AT R IR T L O(n®)o FRE I T A UL B PR 5 — MBI 1304

N T AR =, BATS Pra SEA N BE4T 7 A %A% (hard-core) #R, K¢
LN R A D> B e 2 =Ik07 . BEAt, IRATLE DD EFF 1AL, BRI A RHIM
W4T EEAF) —— P X S HEA SR FARHERE (AR) TR #EAT
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KAl AFREA S

b b
/i;7AX =X
Hard Reformulation Solved by a double

fEAG2 Y, AT T —FSGH A DDAR2 Eik. XA =M, Al
IEFTE =4 REE, SPEATR) TR AT A, FRLE TR R 0 PR IR s A
ML= AT . X TN, FRATETIETE st (s X FIZRB AB), X}
(A, B, Z(AX B)) WHEBATIG A o WERXFER) =JuHEE ML, JATHARR T —HH
WU .. X BB AB, 2AXB 1) “{47 18102 AR TR BT 5
B, ZIANTHRAEISIEEM. EE. log- iR LM A REMNREER, HEEMLE
PER RIAL bR e

4.3 EIRAISCI

FER R VL NIE DDAR BEIRS, JATEEH CH L Z 0TS Gl
M0, MITHE—B3Em 7. #i C+ FEEi pybind1117 S H # Python, H
DDARI1 £ 300 £ LA 1.

T AR T, BRATTE SR T 4 25 AN IMO A B, X 28 ) #5675 DDARI
ik, 3F7E— Gt % AMD EPYC 7B13 64 #% CPU [HIHLa% is4T 7 50 k. P
M5, DDARI 52 il 755 1179.57 + 8.055 #2, 1fi DDAR2 X 7 3.44711 +0.05476
.

A5 BIFEIERRINGEIE

5 51 B & N8 2 AGL DI RN R 2 —, KA ZE N 14% $2 T+
#) 25% (Trinh %N, 2024 4F). AG2 i T 2UA B A BT 72

ATAGT AL, FATTA e B T 46 T2 — D BEALIE BB, 28 5 AT 5 51 %
FHET HIH A vl Be 4518 . X TR 4518, I 5H% (Traceback algorithm)
AT LSRN R RT3, S S D K an R R P IR R E R, X —HUR
A RO AR G N ) A I AR I BEAL AT, A W BE LR T 4G . XA
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THRES TR AR AT RE, IF HALNLES A R R N K B 2 AMFIR I AT g o IX A
75921 TongGeometry 'SURTE], BTN 5% AN CLdn LT I 48 S AL € L
3. £ AG2 T, @HA R BRI IG2 58 R FENLET, X L8 FE AR 47 28 4
Bl S 1) E B

BEXR. EERNEMEFNEES

B 56, AT R 7 HIE AR B, AT An s R B E A i
2 flin, 5 AGL AL, AG2:

o RRMBEALEIR N2 R P4, fo Vb3 5 28 1) )

« AR EEE RS T 2, B SR RTRE R BOE g N

o AEMANEE RS T 10 £5, BE S IRE B .

o FE IR ISR 2 1] B EE 7 A BT

o FEA R B RV AT Sl B R T R T PR B 0 A B DDAl

. AGL

o)

€ 107 HH

8’106 ‘ TPrERRENY m AG2

o

€ 10

: HEHEENEUREER LR

Y103

e IIII INRNRERe | | II

o 1024

£ HIIIH| 1111 \III' l l

10 BEEE

2 | 11 \III |

0 30

Number of polnts (problem size)

Bl A2 F1AG2 ML, AGI1 Befg A il 5K T 5 28 ) 7 H
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Question types in the training data

mm AGI1
. AGZ2

107 p

Number of examples (log scale)

Collinear
Equal distance
Concyclic
Parallel
Perpendicular
Equal ratio
Equal angles
Evaluate value

K A3 AG2 A - P& H it

Auxiliary points in the training data

H AG1
m AG2

108 |

Number of examples (log scale)

107 : :
with_aux without_aux

Kl A4 F1AG1AHEL, AG2 A 5 -PAA S S I i Bh s st B R

EHRBNEE

B T ARG A RIER (1 “AB = CD”) e, AG2 MHHE A %
AR T R SRR, BIWTE B N X AEEEYR Y ERE, Z R



EHEL/EA T ERE7 ZRBIFRIA . IXEFRARTE AGT FIEHE A R AR SR,
KA AG1 WA BHFIE SR BINIERIIE S . 78 AG2 H, FRATTTERENLIE A st 2
Hd SRR S X MIEaikioc R, @l —A ks PO KRR
P(A): i ARBSH RS, Hrh A RMEMEGaER— A msl— A s A
P AR TAE N R 2
*K A3 WAEBE) R T

If ‘ Then

a = midpoint be, d = midpoint ac | P(d) = {b, ¢}

a = on_line be P(a) ={a,b,c}

RGN AT, BT d MEHE SO a A e
Ko T a ME—H5E Xy b Al e Wb i, Rt d WISBRIER b Ml co BEZATH,
T a TUFEEL be LRMTEREALE, B o A5 W2 HE 3 RIEH — & 70
FIRBFESREZE

AT & T B A AR . £ AGL Y, JRATE SRR K EIE AT
Zep, RSB IRl BESRAT RN A RN R MIER, DLIE B P RS
frdle N TAE AGL W4T /N i), 3RATT 20055 I M 1) R P RS B AN R B R f
£, FFEHIZ1T DDAR LIRS & vl iR X PR R mT AR B /N RO 48, H
BT RIEHFE R, NT RERZ BT Eit, AU A 3 &
PRI 38 B B0E, R ] G B ke 2R € — 4L R 15 2 BUIE W
Hbr. PEEERIER B — R/ R, RERELHAIEEN (R AC B, N
check provable (A) = check provable (B)) . =EZfr b, FATIEERIEE] GFHESTE
RGO R N ORFF S CUMEIRATTIIR T LB AT BN LALIE ) . an SR AT TR XA 2%
4N check_provable TH 1A H1, BEHIAF RN 7. XAWMERT DU 2 RIE 3
T ELE DLTR SN IR AL PR ROR AR O CESBAE AR TR A S 0 5, BJa
SUSHb AP HEIE L GISOR
def prune points(

points : set[Point],
check provable: Callable[[set[Point]], bool]):
pruned = set (points)

for p in reverse topological (points):

if check provable (pruned - {p}):
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pruned = pruned - {p}

return

A6 FARREREEE

76 AGL 1, FRATE A 187 B A48 2R (beam search) R IIEH . 72 AG2 1, &
¥t 7 — M B R 0L, b 2 AN R B B R 2T AT, i il
YR E . TR RGN EENE, RITOVEMERWECE SR 1720
AR SRR . JATTARIZ A REE NI MR RS (Shared Knowledge
Ensemble of Search Trees, SKEST).

HTAREEMN . AR RM D, — 1 5O N T — Ui A iE 20, Fl
Ja e —RAF S 51 RIEAT . IR, PrA R &R iRk
T RURHERTS Sl RESIE W] ) F S 5 AL S . Xt s RS e i ik,
PR EANIAN R W R A S B5H B AR A 1, TR 5 J5UR R A SCiy . IXRE, X UBE
SR AT DO [A] —$8 ZRW o  HAR S R A RN R R i A . RS T
AR BB A (R, DAB DR A8 2R 25 18] FR AN [R] 8 70 15 204 BER R -
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1. Natural language problem
“Given right triangle ABC..."

’

2. Formalization
(A): “right_triangleabc; ...”
(B): diagram construction

9 Ode\
W
e = l

IM\ "

Classic LM Search LM multi-aux search LM operator search
\ . J
*Interesting = things about the original
Shared workspace of problem that cannot be found by DDAR
interesting* facts without a particular aux point

Kl A5 AlphaGeometry2 (P42 #E, FRATER 1 —L8A R AT DA S 5038 B (b

“EI MER: 5 AGI M HPRERME . AR, B RS
N B R

FERFANTT AT 2 AN B SRR s FERE ST AR, VRS B A AR U
BIGIBI A RN THIVE 5 APl I ok A Bl 52 B HOIE BH () 72 2 MGl B
RITUEHT, FrUIXF G Re4T. HREERMNE, RERINAEBAE —IRE
W AE I b E R R, (HAESERRERAE T, AT I 5 EEARE 2w AR Ak
(3 B 5 22 O FARR Y o o VA TR A Rl 22 A B BB i T DA 4K B A vk 5 &
T RGN 2 IR

P51 FINAS [R] R A R 4 B s O o 1 B S BB ROE R x 00
a : cong abcd (00) coll a e £ (01), BJ “Wi&sS a, 1H15
ab = cd H aef L7 . @, N7 B A, AR E S BAEH
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FMhrid x 00, RJEIEEEMRERESY . AXE, BAIISUH x 00 a :
cong.x 00 a : coll.x 00 a : cyclic.x 00 a : perp H#2
AN, AEFFAT 4 4 token ¥951 7041, IFLETE F AR AL ORI AR A o

o GRHARMIM (T8 64 TRFE 10 [KIH)

« WHTERIM (CANTERE 512 IR EE 4 HIH)

ARGt Ty

XPTUE# R, AMER TPUV4A & MR Z AR, FERirE A
PN [F) 3 R AR 25 PR R SR A0 [ — IR 5 28 o B T D ig 1T iR de 8 = i
Ah, FATIEF L IBATIE S M TAFZ M DDAR TAELRE. 15 5B TR
AR E T AN A S ANBIEEE, DDAR TAEZFE 45 R BUX 65 ik /752
o DDAR TARZAEZ A B, ik TAEX S0, —> DDAR TAEZ AR
FEAN[A] o) @ R L CAn R [E] N gk 2 AN TR D, IX6E, B e i) ) 2 R TS
DDAR THE B, A TE7E AR e 0 1) A

A7 BIFRNIESERE

AlphaGeometry2 i — B HER — RIS 2 BUR. A4, RATH %
VIR AR

71 0% E

AG1 iE SRR —H E X Transformer, PATG B 175 o A B3k AT
ke Sl ZRtl & AL B Al B A 18 B 1) R, SR IR0 E 3 4 Bh A s 9 e st . o
T AG2, FRATFIAH Gemini VIZRAAE, HINZLEA—AI B XA EdE 1T
B . BATIHHE SR — AT Transformer (W0 IR A, T
Gemini Team Gemini (2024) HA7E2E 5 AR AG2 Fdli EibAT )12k BAVEH =
F I 256 B R I R AN TR RS 1) 22 A2

1. i AG1 HI3E S 1E 3 € X o il ds Dk IT G S5

2. EERES P ROH C LN H € LT H Gemini B8 (FE 2 4175 W,

=% ADo
3. E G N G S N R ARSI Z——5 k5 e JUAR] n) J ) . (R 2 4B
B % B

bR 7 RZ) 3ACAE B KBS BN 25841, JATIE B 7 = MIEAhi4E:
L B MA SRR & RIS, “eval”,
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2. AL A B R A R AR, “eval_aux”

3. 2000-2024 F[H Fr¥2E BARIL T (IMO) 2 Rif#% AlphaGeometry fif iR (1] 1

o] o) @R A4 &, “imo_eval 7,

P X e A H A & e AR, B AR AT A T R SR A 2k
SR, REGEENE, X MBS, JEREWA. Bk, ARG G
BAE AG1 H—FF), TN AMMANIE SRR S W R A, 1 N 2 R A X HEANIE
ISR . FLOR, 6145 58 1 0] jBR AT REAE 2 Mg o i, (LI 26 R 0 o il
RITRUER . 5 AGL —FF, BATFEER TP & IMO [ Rk, Hrih
BEMA RSB A, R EIEI A 6 IR RS R iE1T DDAR 81T, XSS R
8 it

AL TPUv4,  DARE: S0 VF (1 B K /NI R A . 2% 5T 389 R P 28
PETRFY, SR RIZIE . ¥ ) R ESHAREY BT E . £’ 54, JRATER
TR Gemini AL 22 T 2k, USEEER R, AHAEL, BEmsia R
FEL PR ZR AN PR IMO TP 45 1) R =5 4 2%

0.6
—— 51m train
—-= 51m eval
o --- 51m imo_eval
176m train
0.4+ 176m .eval
% 176m imo_eval
S 3p3B train
0a31 3p3B eval
3p3B imo_eval
0.2 T g o
0.1 r : . '_I'_"_"—'—-I-—-—._._.I ________
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Kl A6 ANEFELR) AlphaGeometry2 15 F A= ] 2k, USHBER R (“‘m” R
AJi, “B” FoR110) . BB IR 2 BEAR IR PPAS AT IMO PHAG SRk

7.2, IR E

BAMER T 2 M ERZMAARMEGZAMESER., 5 AGL ML, 416/
WEEANt=1.0F1 k=32 1 top-k KAE. FEERENZ, SREMEZNFEARX T #
P IMO % KB, E I =00,k =1 A EMERENLT, R&IIMW
R B AR 26 A 75 LA IR 3 A ) R (AN . IR IR R ¢ = 1.0 IR
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k=32 MR (BCAHZRMD AERATHIE SHEARE O 26 4> FEH ) 9 4. 42
RAGIRE ¢ < 1.0 £ RIS B IE ZREVEA L (K 60, T m IR BE N S EUE 5
R A A O BCRRE N,  (ETETRAR R

FIFBRS
£ AG1 1, iESHA (LM) 5 DDAR 2 [8)ffJ3 T 9E% f4 8 DDAR #:5% LM
PR BIE, 24 DDAR RINR BIME R 5 R, LM {5105 4 B .

e}
o]

©1.00

w W
w

0.75

o
wn
o

Problems solved
w
o

0.25

Unique samples rat

N
w

10° 10%° 101t 102
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 TokaRHS
Temperature

B A7 REET top-k KAERIME—FEA LLBIFT 2020-2024IMO fifE 1k H i 15 = 45 AL
25 token HUI)R R

£ AG2 , FATELE LM T f# DDAR A HEFE Sk 42 8 X i 475 5 2
1, A5 S A B . HARck U, FRATE LU E SRS LM H:

« S| B R IA I AT HE ) DDAR W HE T B S04

o S, 1 Y5 SRR N T BRI ROE H AR AN B RIE DL R, DDAR Rl HES

SR

o Sy HUE B IERR S GRdRAERTE).

HEERNE, BiEEX, S, S, cS;. —HiFREHX=AES, RIMKE
T FI I IERE B — DR A R B R, IR SR e . X
AR RS IR A ) R — N2 LM, 40 R s

<problem_statement> serialized (S) serialized (S, — §;) serialized (S5 — S5).

FEZ T, AGI ) LM % AN <problem_statement>.

A8 45ip

AT F LT WEABARAZ IMO JUAAT o] @R AR A 22 . 2000-2024 4 IMO L 45 4
JUAA 1) @, FRATDR Ho AL 4/ 50 4> AlphaGeometry 1)@ (FRATIFRIX A4S N IMO-
AG-50). HTIRAVERIL AR BR, —Lm @R . B 8 R 17 IRAT
) EELE R AlphaGeometry2 fiEHE T 2000-2024 EFT4 IMO JU{A 1] @ () 42 A4,
R UG P A K. 2400 WK 4, AP 7S AG2 il E
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5HA RS, W AG1 Fl TongGeometry. FATTEXT—2H 5 1 30 M RAERT IMO Tk
FRHEAT T AANEAL, XS R U AG2 1B SRR, IF MR B BILE IMO .
IX LB AR 25 S LS Do

EE 7 9, BATER T IMO R Z 5 I 2R R (Y2318 E 21 token 0
Z IR ARIKR. A, AlphaGeometry2 1E1Y 250 NMIZR D IR (HhE K/
N 256D, BUKZ) 2 A0A token J5, T LR 50 AN 27 Ao FRATTIEXS
B B Q0] S R AR P BEEAT TR A (L 90 ST RN R, RATK
DU AR B L D0 128, TR 4 HORAE 32 IR, HEZ MRS HE KRR ALK
B pRaX A o

D

2016-1

D

2017-4

D

2022-4

D

2021-4

<

2013-3

-

L.

D%(D D20V V|~
2000-1 2002-2| 2005-5 | 2007-4 |/ 2003-4| 2001-5 2005-1
DD DDV X
2010-4 2012-1 2013-4 2015-4 |/ 2004-5| 2007-2 2009-4

-

V 2003-3

2014-3

v

2008-6

N

2011-6

2018-6

2008-1

vV

2019-2

2023-6

.

2021-3

2023-2

-

2006-1

-

2006-6 2020-6

L.

AlphaGeometry 1
D Not attempted
|| Not solved

. Solved

|| solved by DDAR

AlphaGeometry 2
" " Not attempted

L. o

|:| Not solved

Solved

|D| Solved by DDAR

Kl A.8  AlphaGeometry2 7EFT 2000-2024 4 IMO JLA 1] b RI&5 R 1) AR AR FORES
GreH, FELEH AR TR HES .
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R4 IMO-AG-50 fif# R4 | IMO-AG-30 fift R4
OpenAl ol 0 0
Gemini thinking 0 0
AG1 DDAR 14 14
AG2 DDAR 16 15
TongGeometry - 18
PEIHRRAS E 27.1 19.3
Wu with AG1 - 21
FEIRRAS 33.9 22.9
AG1 27 25
RROE A EE D 40.9 25.9
Wu + AG1 - 27
TongGeometry w/o value | - 28
AG2 with AGI setup 38 28
TongGeometry full setting | - 30
AQG?2 full setting 42 30

K 4| IMO-AG-50 Z=AENR I PPAL S5 R . IMO-AG-50 €15 2000-2024 S frH
IMO JLfa[ a8, 1 IMO-AG-30 M & AT LA AG1 35 5 Uk i — A T4

38 1
35f
311

24 -

Inference settings

Problems solved

19

20 22 24 2627 29 20 21 22 23 24 0 22232425 7
Beam size Beam depth Number of samples

A9 AFMEHEBIET, 2000-2024 € IMO JUAA [r) @l (1 ff kA, {8 R 3
MINHRANN 5120 HGRE N 44 32 MHERTT IR, RN REFEMASHEAAE, B HH—A

AT LT L Z A0 IMO FESRIGFE NN, 2 AlphaGeometry fift th 5 & I
TEBANRIOE ). B CHr, AT T ILXFERE T, FFAT 7.
TEARMRERIT IMO R, 2 MEGdER R, 6 Mok, KFrm
W S ANGE SR AT AR B B 1 A, IX 48 H §TANTE AlphaGeometry2 i 5 178 55 10 L 4

45



TPl 4 KRR A IMO 1] JE (2018 4F IMO 55 6 FUFT 2023 4 IMO 25 6 &) ¥ K
T LR 1) RE AR AT, G0 B S5 L ART ARl X e TG AE FRAT T4 i () DDAR
AR SEHL . EAR BRI By, X8 n) ] DAAE B IX e R TG S L R ek, (H
IXFE R R T S 75 B KR HEER N ) B AR FITE 2 R s, DAIREN Y
Al DDAR Wk Z EIR T HAE, XBRH] T AlphaGeometry 4|l [ 7] 251 i £k g

A9 KREKIIE

RXAN4T AlphaGeometry2, iX7&X] AlphaGeometry HIE KTFF2, ffk |2
AT R PR, R TUAS SRR E T 7 M RE . AG2 SRAH 7 78 5 KA 2 AR B s
£ FUNZRMTE R RHE S A, B AT IEA NS 512, ¥ R SUESIE 5
PR R B IR PERe A 1 R 38TE, AG2 7£ 2000-2024 4 IMO J1,
] ) L R R e R B 84%, B T AT B 54%.

BATEIEH T LIS E 5 @A AT 7L . Bk, AR T BRATIRIEIAY
RES A2 B A IE , I REAE R E BE I B, X R B IARIE & BB V8 JITE %A B
TH (55515 Mt TET. Jk, RATRIA T AlphaGeometry, JEit 2 ]
T UIZBL B 1) 43 1] 28 10 2 IR &, WA R e R 2= A /N RTER R
H € S5 vl 45 AE FH 1)K Y Gemini 317 2815 31 TSRS R . AU E1E S
WA STEHRES RINGBER] T RS R 3=, BATE T MG
WORTEBCF R LN GRE SR AT, RE/EAAF ) AlphaGeometry
B bR, IXESRIRIR] G AN FE RBRE, eS8 G BIIRA TR &R
H— IR R G, DR SRR AR

REAEFTA 2000-2024 4 IMO J U 7] /8 EEUAG T2 NERRIRZIH] 84% fif
2, BB A e, RATMATENE 5 A RV IR T AR E R AL IR
HITFERIS MAEAI R, e T IX e phbR, A REvise s Mo JLAa i @7, 3L
K, AG2 HARMERFTA IMO F1 IMO Tk~ . 4 v #5053 fif - v 3t I B FH 5 A
SIER R LARANX — ZE . &Ja, EASCH, AVRE TR TS
R LA ) AR R R, Z ARG LNERIES N, TSR gk s %
BAEAEATL) 0. REVIP R RA, BEERATN N A b aT Lo 5 2 1) g X
AR A R I B A R 3 — 2 ek

EE BN
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AA 7 AG BiE EX#BFERESHEEHAITHAE
BRI R AG2 I, BATREF T AGL IIIZRBE (] AG Wiy &
T E T H E E g MR AR I ZR), B2 75 AT DOl o 2 28 FL 4 1) R ok e
JIHIE SRR S vERe ? i T AT B 20l S AN 2508 S I ZE R, XA IOR JIF
ANSLEIRIAT o FEAT T, ARV 1 B E o3 1a 45 A AE Ry 5 1 5 AR, Bl
W8 T AE AG Hdli EX L ) Gemini A58 34T S i 1] R
53 1) i 2 BARTE T A LUK )32 B SR A A Y ) B 2 R 4y o i, g3
i 25 1T B AR AR AL AT HCE AR (K 3 O 91 . ANYE AlphaGeometry (195245 R85
HREFE IR R v, WAV w8895 7 A R 2R R AR B
JUTANAENE Y E 58 X il s BA 30 3l R AHE SR il g . 1B, IR
AT B 5E AR R AR SR GO 0 1), RIS R 4840 A SN R L, A2
TIEA RIS . £ AG TS T, sriadsa LT L.
1. B “a”, “b”, “c”, .., “27, “al”, .., “z1”.
2. B AFR: coll, cong, cyclic, eqangle, eqratio, acompute, rcompute, aconst,
rconst, distmeq, distseq, angeq, overlap, noverlap, sameclock, lessthan,
3. BT M 1,2,3, -,/
4. {FiAE 5 A 2% (000), (001), (002), ... (999).
5. tRE4riAl#8: {Analysis}, {Numerical}, {FromGoal}, {Proof}, x00, :, ;, ..
A NEFRIE, BATE I AlphaGeometry 7£ 2000-2024 £E IMO J L ] B _E 1)
RIAEAL AR 73] 25 CREFAH ), X R W EAR LLM 18] 5% W] BELE [ AN [F] (2
PGB 08 RS
SURIET IR i de b, BEFCAUERR ETE S AR H ARTE S R R
TEFIWARA R . 5 AR, A Qs 7€ T 5 7] DAL B0 43 E 07 By e P A K
PR IS S B AT RE R AR T R R . N TR — 5 AT BT AlphaGeometry?2
Hdli A AlphaGeometry HIJE R ALTE S #IPERH RIE S N T — DAL, AR5,
FAH AL BE S 1E )5 45 AlphaGeometry H4fs IR AH R R /N AR AL AT ELA - 15
WA NFEVFI A, BATTTE 2000-2024 55 IMO J U] ) @_E 7338 T AR IS5 R, X8
FERC B EOR ) E 2RE S BN R R BTG ST R 7B . T I IRA T
7R —/N K AlphaGeometry §1% % H 4R 1E & 1R~ H
AlphaGeometry 1 F: d e f g:coll a d g (000) coll f a b
(001) coll d b ¢ (002) coll e ¢c a (003) cong d b d c
(004) cong £ a £ b (005)
HAES: WitE de £ g, /% a dg #£% (0000, £ a b #£%
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(001), d b ¢ #£% (002), e ¢ a #% (003), |d b|l= |d c]| (004),
|f al =|f bl (005)

R LHISRESHAENMA C2RY, HE Ui d sy
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